=
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Least-Squares Lines

A common task in science and engineering is to analyze and understand relationships
among several quantities that vary. This section describes a variety of situations in which
data are used to build or verify a formula that predicts the value of one variable as a
function of other variables. In each case, the problem will amount to solving a least-
squares problem.

For easy application of the discussion to real problems that you may encounter later
in your career, we choose notation that is commonly used in the statistical analysis of
scientific and engineering data. Instead of Ax = b, we write X 8 = y and refer to X as
the design matrix, § as the parameter vector, and y as the observation vector.

The simplest relation between two variables x and y is the linear equation
Experimental data often produce points (x1,y1), ..., (X5, y,) that,

when graphed, seem to lie close to a line. We want to determine the parameters g and
B that make the line as “close” to the points as possible.

Suppose Sy and B, are fixed, and consider the line y = f 4+ fix in Figure 1.
Corresponding to each data point (x;, y;) there is a point (x;, Bp + B1x;) on the line
with the same x-coordinate. We call y; the observed value of y and Sy + Bix; the
predicted y-value (determined by the line). The difference between an observed y-value
and a predicted y-value is called a residual.

] Detpoint (x,y,)

j’ ﬂo + B]xj)

FIGURE 1 Fitting a line to experimental data.

There are several ways to measure how “close” the line is to the data. The usual
choice (primarily because the mathematical calculations are simple) is to add the squares
of the residuals. The least-squares line is the line y = 8¢ + $1x that minimizes the
sum of the squares of the residuals. This line is also called a line of regression of y
on x, because any errors in the data are assumed to be only in the y-coordinates. The
coefficients By, B of the line are called (linear) regression coefficients.?

If the data points were on the line, the parameters Sy and $; would satisfy the
equations

Predicted Observed
y-value y-value

Y

BotPxi = »n
PotPixa = » i
ﬂo + ﬁlxn = Yn

! This notation is commonly used for least-squares lines instead of y = mx + b.
2]fﬂ:eme(uf;uremeutermtssn'enzt.vcmst@adofy,snnplymﬁetchang:llnecoordmmesofﬂ:edam(x,,y{,)
before plotting the points and computing the regression line. If both coordinates are subject to possible error,
then you might choose the line that minimizes the sum of the squares of the orthogonal (perpendicular)
distances from the points to the line.
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‘We can write this system as J ‘/

Xp=y, whereX =

Of course, if the data points don’t lie on a line, then there are no parameters fg, B1 for
which the predicted y-values in X 8 equal the observed y-valuesiny, and X 8 = y has
no solution. This is a least-squares problem, Ax = b, with different notation!

The square of the distance between the vectors X 8 and y is precisely the sum of
the squares of the residuals. The § that minimizes this sum also minimizes the distance
between X 8 and y. Computing the least-squares solution of X B = y is equivalent to
finding the B that determines the least-squares line in Figure 1.

EXAMPLE 1 Fil;dﬂleequationy = Bo + P1x of the least-squares line that best fits
the data points (2, 1), (5,2), (7, 3), and (8, 3). D
T — T

SOLUTION Use the x-coordinates of the data to build the design matrix X in (1) and
the y-coordinates to build the observation vector y:

1 2 1
1 5 2
=11 7| Y73
1 8 3
For the least-squares solution of X 8 = y, obtain the normal equations (with the new
notation):
X™xpg =Xy
That is, compute
Py
v [1 1 1 17l1 5| _[4 22
¥X=l2 5 7 s]|1 71|72 142]
1
. _[1 1 1 172 T 9]
X¥y=12 5 7 s]|3|7|s]
| 3
The normal equations are
4 22| Bo|_| 9
22 142 || B | | 57
Hence

[g‘:] - [2; 13]_1[52] - 314[_132 _22][557,] - s%l:gg] - [52//11]

Thus the least-squares line has the ¢

See Figure 2.
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PROBLEM 3

- (a) Use the least-squares method to find the equation of the|line L(:I:)**:;;,\vthat best fits the

dataset:

D = {(_4’ _5)7 (_2’ _1)v (O’ 1>7 (2’ 3)7 (4: 7)}

« (b) T/b_e‘gveyvi‘a_’grigpjgf:g:_cjata point (:I:,,;, yj) from the line L(a;) found in part (a) is defined

by the error:

e; = y; — L(z;)

@

To add new data points to the dataset without changing L(a:), the errors of the new

points must satisfy:

Zei =0 and inei =1

Using these conditions, show that if a single new data point (:130, yo) is added and the

least-squares line remains L(x), then the new point must lie on L(x).


Mobile User




Mobile User




Mobile User




Mobile User




Mobile User


