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The Fourier Transform 5.2:
Properties of Fourier Transform

TABLE 5.1 Fourier Transform Properties

Operation Time Function Fourier Transform
Linearity afi(t) + bfi(1) aFi(w) + bF(w)
Time shift f(t — 1) F(w)e
Time reversal f(—1) F(-w)

Time scaling f(at) L F (9)
lal ~ \a
. . 1 o\ _.
Time transformation flat — ty) ﬁ ? (;)e jato/a
a
Duality F(t) 27f(—w)
Frequency shift f(t)e! F(w—ay)
Convolution f(8)*H(1) F(w)b(w)
1
Modulation (Multiplication) f(DO (1) EFI (w)*F(w)
¢ i
Integration / f(m)dr j;F(w) + wF(0)8(w)
Differentiation in time d"[f(1)] (jo)"F(w)
dt"
Differentiation in Frequency (=jt)"f(¢) d"[F(w)]
do"
Symmetry f(t) real F(-w) = F*(w)




The Fourier Transform 5.2:
Properties of Fourier Transform
* Linearity:
fi() <5 F(w) and f(t) <5 B(o) Q [afi(t) + bf(1)] <> [aF;(w) + bFy(w)]

The linearity property of the Fourier transform

We can make use of the property of linearity to find the Fourier transforms of some types of
waveforms. For example, consider

f(t) = B cos wyt.

B . . B . B .
= —[/®! 4 T®l] = — Q@ 4 — oIl
f(1) > [¢ e 1] 5 e 5 €

B - B :
@{B COS wot} f— EF{e]th} e Ef,*{e—jwot}

= 7B6(w — wg) + mBé(w + wy)  Let’splotit

Bcos wpt <> 7TB[6(w — wy) + 8(w + wg)]
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The Fourier Transform 5.2:

Properties of Fourier Transform
* Time Shifting:

f(t = tg) <> F(w)e™,

Fa(t — 1)} = (1)e70 = e,



The Fourier Transform 5.2:
Properties of Fourier Transform
* Time Scaling:

|

w

flat) <= —F(—)

|al
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F(w) G(w) |
fO)A T, g A
1 1 T
2
‘ /\ /\ ) X / \ :
T, 0 T4 t /7 A4 [ 2w 2 A A - 0_'_& t /4_'17 4_47\ @

Gli) = %F(w/Z) = gsinc(wTTl)
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The Fourier Transform 5.2:

Properties of Fourier Transform
* Time Reversal:

f=0) = = F( %) = F-o)

G(w) = e



The Fourier Transform 5.2:

Properties of Fourier Transform
* Time Transformation: 0 -area('5?) o

T=at— 1 - flat — tp) <%= ] ( ) ~Jo(wla) T

3F!
(a) L ||
_ The time-transformation property of the Fourier transform ’ ?b)s
[F(@)] =lsine(%) (@) (rad)
1
,\,\/\,\,\ [T T T s arbrsn
g(t) = 3rect[(t — 4)/2] = 3f(0.5t — 2) ke | Bedm @ et
(©)
G(w) = 6sinc(w)e ™,
|G (@) /6@
6 \/\A ZZ; ;
= T 2w 3w
| | | | | |
=27 —m T 2w ® =37 2% -7
—4r
_577_

(d)



The Fourier Transform 5.2:
Properties of Fourier Transform

» Duality: Ff(0)} = F(w) = / fleye ds

FUF(w)) = f(t) = %/_:F(w)e"“”dw

F F
F(t) <& 2af(-0) when f(t) <> F(o)
The duality property of the Fourier transform
We now find the inverse Fourier transform of the waveform shown in Figure 5.8(a), using the

transform pair derived in Example 5.1. Figure 5.8(a) shows a rectangular waveform, but in
the frequency domain rather than in the time domain.

27f(—w) = 2mwA rect(w/23)

* We know from a previous example: F(t) = 2B A sinc(Bt).

Vrect(#/T) <2 TV sinc(wT/2) P
* So, 7Bsinc (Bt) DR A rect(w/2pB)

TV sinc(T12) <2 27V rect(—w/T)

F(w) = Arect(w/2B).
F(w) 4

A
-8B 0 B ®

. /
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The Fourier Transform 5.2:
Properties of Fourier Transform

« Convolution: fi(t) <% F(w) and f, < F(o)

forn F 1
f()*h(1) <> F(0)B(0), AWAD <5 5 - F(0)*H(©)
EXAMPLE 5.10 ‘ The time-convolution property of the Fourier transform

Chapter 3 discusses the response of linear time-invariant systems to input signals. A block dia-
gram of a linear system is shown in Figure 5.9(a). If the output of the system in response to an
impulse function at the input is described as 4(¢), then h(t) is called the impulse response of
the system. The output of the system in response to any input signal can then be determined
by convolution of the impulse response, /(¢), and the input signal, x(¢):

y(t) = x(t)*h(t) = /_wx(”)h(t - 7)dr. Y(w) = X(w)H(w) H(w) is transfer function
- * X (w) Y(0) = X(w)H (w)
x(f) - y(@) = x(t) * h(1) > H(w) ——

h(t) < H(w),x(t) <> X(w), and y(t) <% Y(w)



The Fourier Transform 5.2:

Properties of Fourier Transform o
* Frequency Shifting: x(1)e <> X(w — w,) ‘ l
—200m | 200m v
The frequency-shift property of the Fourier transform o
In the generation of communication signals, often two signals such as ‘5’7 ‘ 5m
g1(t) = 2cos(2007rt) and g,(t) = 5 cos(10007¢) 10007 | 10007 5
are multiplied together to give Gs(@)
g3(t) = g1(t)g>(t) = 10 cos(200r¢t)cos(10007t). ‘SW |5w ‘Sw ‘SW
110007t ,—j1000mt 1200w | —800m L

g3(t) = 10 cos(2007t) >

— 710007t —j10007rt
5 cos(2007t)e + 5 cos(2007t)e ; ea(t) = F(5[5(w — 1200m) + 8(w + 1200m)])

G;(w) = 57[6(w — 2007 — 10007) + &(w + 2007 — 10007)] + FH{5m(8(w — 8007) + 8(w + 800m)]}
+ 57[8(w — 2007 + 10007) + 8(w + 2007 + 10007)]. = 5 cos 12007t + 5 cos 800t

In final form, we write

Gi(w) = 57[6(w — 12007) + 8(w — 8007) + 8(w + 8007) + 8(w + 12007)]. 10 /_



The Fourier Transform 5.2:

Properties of Fourier Transform
* Symmetry:

F(—w) = F'(w), for real-valued f(t). The symmetry property of the Fourier transform

Derive the Fourier transform of x(t) = e*u(—t).

This result can also be easily derived using the Fourier integral:

F'(w) =/ [f(t)e‘f“”]*dt=/ f(t)e“at. ) i
— 0 - X(w)=/ ez‘u(—t)e_f“"dt=/ eiolgy = 1

2 — jw
Because f(¢) is real, f*(t) = f(t), and therefore ]
F(w) = / f(t)edt = F(—w)
—o0 1
e u(t),a >0 = f(t) <= Flo) = T
X(w) = F'(0) = F(-0) = 5=
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The Fourier Transform 5.2:

Properties of Fourier Transform
* Time Integration and Differentiation:

f(t) < F(w)
* Time integration:

g Flw
g(1) = /_mf(f)df — % + 7F(0)8(w) = G(w)
* Time differentiation:
d[];(:)] <i>ij(w).
d"[f(1)] &

i < (jo) F(w)



The Fourier Transform 5.2:
Properties of Fourier Transform

EXAMPLE 5.13  The time-integration property of the Fourier transform

Figure 5.11(a) shows a linear system that consists of an integrator. As discussed in Section 1.2, this
can be physically realized electronically by a combination of an operational amplifier, resistors,
and capacitors. The input signal is a pair of rectangular pulses as shown in Figure 5.11(b). Using
time-domain integration we can see that the output signal would be a triangular waveform, as
shown in Figure 5.11(c). We wish to know the frequency spectrum of the output signal. We have
not derived the Fourier transform of a triangular wave; however, we do know the Fourier trans-
form of a rectangular pulse such as is present at the input of the system. Using the properties of
linearity and time shifting, we can write the input signal as

e ) =
x(t) =Arect[ tl ]—Arect[ L ]
1

h
X(w) = Atysinc(tjw/2)[e/*? — ¢7T@h/2) Y(w)zn
= 2jAty sinc(tw/2) sin(tw/2) Al
. By sin(tw/2)
= jwAt] sinc(tw/2)
tlw/2
= ijt%sincz(tlw/Z). 4w Ox 2 4ar 6 -
1 h 5} d) n 5} n
Y(w) = ],;X(w) + 7X(0)é(w).
Y(w) = Af3sinc? (fw/2). tri(#T) <> Tsinc?(Tw/2)

L J'(-) dt f———
(a)
x(1) A
A
h
-t 0 't
—A
(b)
()
Aty
-4 | .
(c)
1- iU} |t|<T
tri(¢/T) = T’
0, | =T
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The Fourier Transform 5.2:
Properties of Fourier Transform

1,t>0

'EXAMPLE5.14  Fourier transform of the signum function 1 il
We now find the Fourier transform of the signum function shown i1 0
f(t) = sgn(z). B

d[f(1)]
= 26(t)
dt ( ) 3

5(1) <> 1

JoF(w) = 2.

Flw) = 1 + ké(w)

je %

Sgn ( t ) &) R Figure 5.12 Finding the frequency spectrum
° “

(d) of the signum function.

Jo 14 T



The Fourier Transform:

Table 5.2

Time Domain Signal Fourier Transform
0 [ serar
o ;
E./;mF(w)eJ dw F(w)
5(1) 1
AS(t — 1)) Ae i@
u(t) 78 (w) +}%;
1 278 (w)
K 27K (w)
sgn(r) 1
jw
el 278 (w — wp)
cos w(t 7[8(w — wy) + §(w + wy)]
sin wot ’J’—.[a(w ~ wp) — 8(w + wp)]
rect(t/T) Tsinc (wT/2)
cos (wot)u(t) %[8(«» = wg) + 8(w + w)] + ngf e
sin (wot)u (1) 21],[5(.,; — @) = 8(@ + wp)] + —
wq [
rect(¢/T)cos(wyt) 4 |:sinc ((w - wO)T) + sinc (M
2 2 2
g sinc(Bt) rect(w/2B)
tri(4/T) T'sinc?(T w/2)
sinc?( Tt/2) 27" tri(w/T)

e “u(t),Refa} >0
te "u(t),Re{a} > 0

t"le™u(t),Refa} > 0

e Refa) > 0

o

2 g(t—nh)

> g(t—nh) = 3 C™
i) k==

81(1)

1
a+ jo

1 2
%)

(n—=1)!
(a + jw)"
2a
02 + “)2
< 2
Z @G (nwy)é(w — nwy), wy = ?0
2m

21 Y, Cd(w — nwy), wy = T
nE—cw 0

w

E wed(w — kwy)

=—
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