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Lecture Outline

Fourier Series 4.6: Fourier Series Transformations

The Fourier Transform 5.1: Definition of the Fourier Transform




Fourier Series 4.6:

Fourier Series Transformations
* Amplitude Transformation:

x(t) = Z Cpox € @0t

k=—o0

y(t) = Ax(t) + B = z Cp, ekt

k=—o0

y(t) =B+ A z Crexe €%t = 2 Cry €K@t

co k=—00 k=—o0

= (B + ACy,) + Z A Cy, plkwot — Coy + Z Crey pJkwot

k=—00 k=—o0

k+0 k+0
* So,

Coy = B+ ACy,  Cyy = ACy, Wheneverk # 0 )
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Fourier Series 4.6: .
Fou rier Series Transformations
EXAMPLE4.10  Amplitude transformation for a Fourier series
gisziicti;r the sawtooth signal x(t) of Figure 4.23(a). From Table 4.3, the Fourier series is 1, 0 T, 2T, ;t
x (a)
x(t) =5+ 2 —e"ﬂe”“”’
e y(0) 4
Find the exponential F.S. of y(t). N 1 N ~

y(t) = Ax(t) + B —Ty \ V 27| "\t
Coy - B +ACOx \ -

Cky = ACkyx whenever k # 0 =% b)
y(t) = Ax(t) + B = —%x(t) 1 1
C0y=AC0x+B=(—%)§+1=—1 y
Ciy = ACy, = (—;—,ﬂ)% e %e‘f”/z, k # 0. » y(t) = -1+ RZOO% eI eJfent
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Fourier Series 4.6:

Fourier Series Transformations

* Time Transformation:
y(t) = x(at + b)

* Case I:(Time Reversal) @ a = —1,b = 0 P y(t) = x(—t)
Y(t) = X(—t) = z Crex g Jkwot — Z C yejkwot

* Case 2:(Time Shift) @ a = 1,0 = —t, -)Ooy(t) =x(t —t,) )
y(t) = x(t — to) = z Ckx ejka)o(t—to) — z Ckx ejkwote—jkwoto — z Cky ejkwot

k=—o0 k=—o0 k=—o00

* So,
— —jkwot
Cky = ; e J 0%



Fourier Series 4.6:
Fourier Series Transformations

TABLE 4.8 Amplitude and Time Transformations

Amplitude y(t) = Ax(t) + B
Cﬂy — ACUI + B
Cky — ACkx, k # 0

Time T=—1=Cyy = oy

T=1— fﬂ= Cky = Ckxe—jkm;]fg




Fourier Series 4.6:

Fourier Series Transformations
* Exercise: Find the exponential ES. of y(t).

MPLE 411  Amplitude and time transformations for a Fourier series

We again consider the sawtooth waveform of Example 4.10 and Figure 4.23. Hence,

R ey
x(t) = ? + k___z_“sze" /2 gikart

k#0

TABLE 4.8 Amplitude and Time Transformations

Amplitude y(t) = Ax(t) + B
Co}, = ACOJC + B
Cky = ACkx, k#0

Time T=-t=Chy = Ch

T=1— t0=> Cky i Ckxe—fkmofg

x(1) )




The Fourier Transform 5.1:
Definition of the Fourier Transform

* By using the Fourier series, any periodic function can be approximated.

* The exponential form is given by:
. 1 (To
f) = E Cy e/fewot, Cy = T, ). f(t)elk@otdt
0
k=—o0

1@

, ﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂ It is known that wy = —

| Ty | To
(@) : :
10 * The spacing between the spectrum lines:
’_’_‘v ~ s Aw=(k+1Dwy, — kwy, = w,
. ] ] I .
0 ——— : * As the T increases, the w, decreases.
® * When Ty - 0 = Aw - dw
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The Fourier Transform 5.1:

Definition of the Fourier Transform
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The Fourier Transform 5.1:

Definition of the Fourier Transform
* So, for Ty — o, the C;, will be represented as:

1 27 Tp/2 e :
Cio = lim — — f(t)e Ukem/To)t g = |:f f(t)e 7™ dt:| dw.

ly=e 2@ Ty J 1,02 27

» The Fourier transformis =@  F{f(¢)} = F(w) = f f(t)e ™ dt.

» By applying it to f(¢) & f() = _z_‘, 2_ w)dwe*" = k—z F(w)e*dw.

* The summation becomes an integral and lim k w, = w, the equation can be

TO—>oo

rewritten as:

o0

f0) = 5 | Flo)edo = FF())



The Fourier Transform 5.1:

Definition of the Fourier Transform
* Thus, the Fourier transform (FT) is defined by:

Ff(1)) = Flw) = f f(t)e ™ di

* The inverse Fourier transform (IFT) is defined by:

FUYF(w)) = f(t) = % F(w)e do.

— 00

* They are called a transform pair where the mathematical notation is represented
by: %
' ft) <5 F().

* As you can notice, it is used for aperiodic signals.

10



The Fourier Transform 5.1:
Definition of the Fourier Transform
* The FTof f(t) =V rect(%) is given below:

+T/2 . e—jwt +T72
e
-T2 =772

|:6ij12 L e+ij/2 TV |:6ij/2 i e—ijfZ
= —jw - wTR2 j2

= TV[S‘“;Z;‘;’Z)} = TV sinc(Tw/2).

F{Vu(t + T12) —u(t — T/2)]} = TV sinc(Tw/2).
For rect(¢/T) = [u(t+ T2) — u(t — T/2)].

The transform pairs is rect(#/T) <™ T sinc(Tw/2)

f(t) = Vrect (t/T) A

L.
==

r r
2 2

f(t) = Vu(t + 1T/2) — Vu(t — T12).

F(w) = TV sinc (Tw/2)
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The Fourier Transform 5.1:

Definition of the Fourier Transform
 Existence:

* It is clear that not all signals (functions) have Fourier transform.

e Sufficient conditions for Fourier transform are of Dirichlet conditions:

* On any finite interval:
* f(t) is bounded,
 f(t) has a finite number of maxima and minima, and
 f(t) has a finite number of discontinuities.

* f(t) be absolutely integrable
. f_oooo|f(t)|dt =M < o
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The Fourier Transform 5.1:

Definition of the Fourier Transform
* Consider the impulse function in time domain:

f(t) = A8(t — t,). [A

b f(t) =Ad(t—ty)

* By applying the FT:

o 0 o
F(w) = F{AS(t — 1))} = / A8(t — ty)e ™ dt. - FAS(t — 1))} = AeT/“N,
F(w) = Ae 790 A |F(w)| = A

A

ey

* So, for impulse function with t; = 0and A = 1:

fly =8(). mp 81 <I>1
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The Fourier Transform 5.1:

Definition of the Fourier Transform
* Consider the impulse function in frequency domain:

Flw) = 6(w— wy)

* By applying the IFT:

A1) = F N F(@)) = F5(0 — wp)} = -

m Jot i 1 .
zﬂ/_wﬁ(w—wg)e dw » f(t) = FHY8(w — wy)) = ge]mur:

* So, the fourier pair transform:

F(w) A

A 2t

W

E‘\I’

=)

i s {0,

undefined, o = w

w # wy

/_“’ 8(w— wg)dw =1,
F(w)d(w —wy) = F(wy)d(w — w),

.[_m F(w)é(w — wy)dw = F(w,), etc.

efont <L 26 (w — wq)
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