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Fourier Series 4.6: Fourier Series Transformations

The Fourier Transform 5.1: Definition of the Fourier Transform
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• Amplitude Transformation:

𝑥 𝑡 = ෍

𝑘=−∞

∞

𝐶𝑘𝑥  𝑒𝑗𝑘𝜔0𝑡

𝑦 𝑡 = 𝐴𝑥 𝑡 + 𝐵 = ෍

𝑘=−∞

∞

𝐶𝑘𝑦  𝑒𝑗𝑘𝜔0𝑡

𝑦 𝑡 = 𝐵 + 𝐴 ෍

𝑘=−∞

∞

𝐶𝑘𝑥  𝑒𝑗𝑘𝜔0𝑡 = ෍

𝑘=−∞

∞

𝐶𝑘𝑦  𝑒𝑗𝑘𝜔0𝑡

= 𝐵 + 𝐴𝐶0𝑥 + ෍
𝑘=−∞

𝑘≠0

∞

𝐴 𝐶𝑘𝑥  𝑒𝑗𝑘𝜔0𝑡  = 𝐶0𝑦  + ෍
𝑘=−∞

𝑘≠0

∞

𝐶𝑘𝑦  𝑒𝑗𝑘𝜔0𝑡

• So,

𝐶0𝑦 = 𝐵 + 𝐴𝐶0𝑥 𝐶𝑘𝑦 = 𝐴𝐶𝑘𝑥  whenever 𝑘 ≠ 0
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Find the exponential F.S. of 𝑦(𝑡).

𝑦 𝑡 = 𝐴𝑥 𝑡 + 𝐵

𝐶0𝑦 = 𝐵 + 𝐴𝐶0𝑥

𝐶𝑘𝑦 = 𝐴𝐶𝑘𝑥 whenever 𝑘 ≠ 0

𝑦 𝑡 = −1 + ෍
𝑘=−∞

𝑘≠0

∞
2

𝜋𝑘
 𝑒−𝑗𝜋/2 𝑒𝑗𝑘𝜔0𝑡

−𝑗 = −𝑒𝑗𝜋/2= 𝑒−𝑗𝜋/2
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• Time Transformation:
𝑦 𝑡 = 𝑥(𝑎𝑡 + 𝑏)

• Case 1: (Time Reversal) ➔ 𝑎 = −1, 𝑏 = 0 ➔ 𝑦 𝑡 = 𝑥(−𝑡)

𝑦 𝑡 =  𝑥 −𝑡 = ෍

𝑘=−∞

∞

𝐶𝑘𝑥  𝑒−𝑗𝑘𝜔0𝑡 = ෍

𝑘=−∞

∞

𝐶𝑘𝑦 𝑒𝑗𝑘𝜔0𝑡

= ෍

𝑘=∞

−∞

𝐶−𝑘𝑥  𝑒𝑗𝑘𝜔0𝑡 = ෍

𝑘=−∞

∞

𝐶𝑘𝑦 𝑒𝑗𝑘𝜔0𝑡

.  𝐶𝑘𝑦 = 𝐶−𝑘𝑥 = 𝐶𝑘𝑥
∗

• Case 2: (Time Shift) ➔ 𝑎 = 1, 𝑏 = −𝑡𝑜 ➔ 𝑦 𝑡 = 𝑥(𝑡 − 𝑡𝑜)

𝑦 𝑡 =  𝑥 𝑡 − 𝑡𝑜 = ෍

𝑘=−∞

∞

𝐶𝑘𝑥 𝑒𝑗𝑘𝜔0(𝑡−𝑡𝑜) = ෍

𝑘=−∞

∞

𝐶𝑘𝑥 𝑒𝑗𝑘𝜔0𝑡𝑒−𝑗𝑘𝜔0𝑡𝑜 = ෍

𝑘=−∞

∞

𝐶𝑘𝑦 𝑒𝑗𝑘𝜔0𝑡

• So,

𝐶𝑘𝑦 = 𝐶𝑘𝑥  𝑒−𝑗𝑘𝜔0𝑡𝑜
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• Exercise: Find the exponential F.S. of 𝑦(𝑡).
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• By using the Fourier series, any periodic function can be approximated.

• The exponential form is given by:

𝑓 𝑡 = ෍

𝑘=−∞

∞

𝐶𝑘  𝑒𝑗𝑘𝜔0𝑡 ,  𝐶𝑘 =
1

𝑇0
න

0

𝑇0

𝑓 𝑡 𝑒𝑗𝑘𝜔0𝑡𝑑𝑡

• It is known that 𝜔0 =
2𝜋

𝑇0

• The spacing between the spectrum lines:
• ∆𝜔 = 𝑘 + 1 𝜔0 − 𝑘𝜔0 = 𝜔0

• As the 𝑇0 increases, the 𝜔0 decreases.

• When 𝑇0 → ∞ ➔ ∆𝜔 → 𝑑𝜔

lim
𝑇0→∞

2𝜋

𝑇0
= 𝑑𝜔



The Fourier Transform 5.1:
Definition of the Fourier Transform

8

Spectral Density
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• So, for 𝑇0 → ∞ , the 𝐶𝑘  will be represented as:

• The Fourier transform is ➔ 

• By applying it to 𝑓 𝑡  ➔

• The summation becomes an integral and lim
𝑇0→∞

𝑘 𝜔0 = 𝜔, the equation can be 

rewritten as:
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• Thus, the Fourier transform (FT) is defined by:

• The inverse Fourier transform (IFT) is defined by:

• They are called a transform pair where the mathematical notation is represented 
by:

• As you can notice, it is used for aperiodic signals.



The Fourier Transform 5.1:
Definition of the Fourier Transform

11

• The FT of 𝑓 𝑡 = 𝑉 𝑟𝑒𝑐𝑡(
𝑡

𝑇
) is given below:

For 

The transform pairs is
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• Existence:

• It is clear that not all signals (functions) have Fourier transform.

• Sufficient conditions for Fourier transform are of Dirichlet conditions:

• On any finite interval:
• 𝑓 𝑡  is bounded,

• 𝑓 𝑡  has a finite number of maxima and minima, and

• 𝑓 𝑡  has a finite number of discontinuities.

• 𝑓 𝑡  be absolutely integrable

• ׬
−∞

∞
𝑓 𝑡 𝑑𝑡 = 𝑀 < ∞
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• Consider the impulse function in time domain:

• By applying the FT:

• So, for impulse function with 𝑡0 = 0 and 𝐴 = 1:
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• Consider the impulse function in frequency domain:

• By applying the IFT:

• So, the fourier pair transform:
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