ME 441 - CONTROL SYSTEMS

Lecture 2

- Design Of Feedback Control Systems, 4th Edition
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Lecture Video Links

Lecture-wise: https://youtube.com/playlist?list=PLRsySEQwnUTPJ_lsvljQzYIGvvAHbZTpU

Topic-wise: https://www.youtube.com/playlist?list=PLRsyBEQWnUTNP5gOU3NtrtyrALE10bZZH

For Further Information, Visit the Channel: www.bit.ly/saadarif
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Objectives

» Review of Complex Numbers
W

» Review of Ordinary Differential Equations

» Review of Laplace Transforms
/\
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Complex Numbers =2 WL@ D)

» Rectangular Form Imaginary
z=x+]Jy

» Euler Formula
e’ = cosO + j siné

» Polar Form

z=ReY =R /6

Complex Conjugate )\
— ‘S
<i:;=x—;z> % I\

A);o‘-/u; 9'\
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Properties of Complex Numbers
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Properties of Complex Numbers

» Subtraction —
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Properties of Complex Numbers

N \_P
»("Multiplication M
<

2 =X +JV1
—z= (x1x2 — y1v2) + j{x1y2 + 200)
F=-1

J=t

7 —\

)
;

= (R|R3). (61 + 63) :
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Properties of Complex Numbers

/’7 &
» Division J\J““J \P

k
2 == _.

1 , Complex Conjugate
Zz i

13 (xxn + yye) + iy —xiya)
--)z — P —_— —
23 x5 + 53
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Examples

Find j* and j°.
F=vV-1V-1lV-1=—/-1=—j
_’3 = ej;,_z” —_ e"'fg

) t=ri=-j=
/O
Find \z"
= (R@: R"el™
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&
R Complex s-plane

» Real Axis N

(Horizontal Axis)

» Imaginary Axis
(Vertical Axis)
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Functions of a Complex Variable

G(s) is a function of complex variable s if j ImG 4

}wlue of s there is one or more
corresponding values oi G(s))

(o

G(s) = Re[G(s)] + jIm[G(s)] A

1 .
¢|] — ) -

___—
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@gle-Valued Function

» |If for every value of s there is only one corresponding value of G(s) in the G(s)-plan
single-valued function

» and the mapping from points in the s-plane onto points in the G(s)-plane is single-value

» If mapping from the G(s)-plane to the s-plane is also single-valued then the mapping is c

one
: : jo 4 jImG 4
» For many functions, mapping o
from function plane to complex 51 = 01 £ f o
. : : s-plane @y |- --~- *@_ - G(s)-plane
variable plane is not single-valued ! Te-al -
{ RN
e.g. , Pl
0 | & Y
1 e
G(s) = —
s(s+1)
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Analytic Function

A function G(s) of the complex variable s is called analytic function in a region of the s
function and all its derivatives exist in the region -

1
2) G(S) = ‘ is analytic at every point in the s-planel\except §=0and s = —
s(s+ 1) ——"——
[

G(s) =542 @lyticaﬂy point in them

eve w’W\ e
/ ')
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Most common txpe of singularity is @

If a function G(s) is analytic and single-valued in the neighborhood of point p (has a fi
zero value) and at point p function is infinite or undefined then G(s) is said to have a
point p

» In other words, roots of denominator polynomial of G(s) are the poles
» The power of complex variable s in the polynomial defines the order of the pole
e.g. following function has simple poles at s = 0 and s = —1 and

a pole of order 2 at s = —3

,\5 )\ G =106+ |

— s(s + 1)(s + 3)

¢\ ”
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Zeros) —

>

>

—_—

If a function G(s) is analytic and has zero value at a point z then G(s) is said to ha
point z -~ —

Or if 1/G(s) has a pole of order r at s = z then G(s) will have a rth order zeroat s = z
In other words, roots of numerator polynomial of G(s) are the zeros
The power of complex variable s in the polynomial defines the order of the zero

e.g. following function has simple zero at s = —2

For rational function of s, there will be equal number of poles and zeros including poles and z
at infinity

Following function has four poles and four zeros including one finite zero and three zerc
infinity
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Poles and Z@

» The poles and zeros are properties of the
transfer function, and therefore of the
differential equation describing the input-
output system dynamics

» Together with the gain constant K they
completely characterize the differential
equation, and provide a complete description
of the system
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Differential Eg_u_a.LinD

<

\«Q Ceyyes Ri(z)+LdL(?+

1

C

[idr=e) <=

. <
y Differential Equation
~ll> S~ -
» First Order Linear Ordinary Differential Equation
A S .
S S / apy(t) = f(1)

» Second QOrder) Linear Ordinary Differential Equation
— E E9(r) e

’ )
weedty T tays

» Non-Linear Ordinary Differential Equation

e — —,
. ﬂe‘:l
<\.¢}\ r2 + mgsi @) =0
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>

Laplace transform converts the differential equation into an( algebraic equation in
gs-domain)

» It is then possible to myiplllate the algebraic equation by §imple algebraic rules t§

obtain the solution in the s-domain
» The final solution is obtained by taking the inverse Laplace transform
7 N\

-

17
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Theorems of lace Trzpaonsfqr/m /
- J’ (Y &2 Af
v

¥ Theorem 1. Multiplication by a Constant
Let k be a constant and F(s) be the Laplace transform of f{f). Then

el =Grs

— 2~
W Theorem 2. QSa@md Differwe/
Let F(s) and F,(s) be the Laplace transform of f(¢) and f5(¢), respectively. Then

LA £ ()] =F1(s) £(Fa(s
~—— ~— —

18
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Theorems of Laplace Transform

/_ﬁ\

B Theorem 3. W
Let F(s) be the Laplace orm\of f{7), and f{0) is the limit of f{#) as # approaches 0. The
Laplace transform of the time dertyative of f#) is

ﬁ[%(;l] =@(5‘) — lim f (¢) w

In general, for higher-order derivatives of f(#),

n n—1
[:[d d{"(t)] = §"'F(s) - lim [ 1 F(f) + 512 _dfd_(tt) . +ddtn fl(t)]
= §'F(s) — 5"~ £(0) — Su—zf(l)(o) et = fD()

where £%(0) denotes the ith-order derivative of f{f) with respect to ¢, evaluated at ¢ = 0.
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Theorems of Laplace Transform

~

The Laplace transform e first integral of f{¢) with respect to ¢ is the Laplace transform

of f{¢) divided by s; that is,
! F
e[ o] 255

For nth-order integration, T N—" SM«-\:K)\ Y.

In -1 b Fls
C[/ f / f(f)dfdfldtz'--dtn—l] =(%/w
0 0 0 . S

. N

20
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Theorems of Laplace Transform
/_\’\ Y

w CShiﬂ_ in Time
The € transform of f{¥) delayed by time T is equal to the Laplace transform f(¢)

multiplied by e~T%; that is,

£ f(t@/t—?‘ k()

where us(z — T) denotes the unit-step function that is shifted in time to the right by 7.

® Theorem 6. Ipitial-Value Theorem

~ If the Laplace transform of f{¢) is F(s), then I
. &45
‘j \‘\ e m 0] “V\ - . — 1
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Theorems of Laplace Jfansform

/1-\
# Theorem 7. (&nal- Value Theo@
If the Laplace transform of f{¢) is F(s), and if sF(s) is analytic (see Section 2-1-4 on the
definition of an analytic function) on the imaginary axis and in the right half of the s-plane,
then

A 0 = i)
e~

The final-value theorem is very useful for the analysis and design of control systems,
because it gives the final value of a time function by knowing the behavior of its Laplace
transform at s = 0. The final-value theorem is not valid if sF(s) contains any pole whose
real part is zero or positive, which is equivalent to the analytic requirement of sF(s) in the
right-half s-plane, as stated in the theorem. The following examples illustrate the care that
must be taken in applying the theorem.
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Theorems of Laplace Transform

Consider the function

N\

5

Fls) = s(s2 +5+2)

Because sF(s) is analytic on the imaginary axis and in the right-half s-plane, the final-value theorem
may be applied. Using Eq. (2-133), we have

lim_£(i) = lim sF(s) = lim >

5
t— oo so0L+5+2 2

23
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Laplace Transform Table

Laplace Transform F(s) Time Function f(¢)

G @ - - }Jét-impulse functign@ S QF\)
@D

&____m Unit-ramp functiof@ @
(~——— _
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O\ = OVMXS
Laplace Transform Table ' B \

VetV <ce

1 ) 1

(e = e M)(a # B)

(s + a)s + B) p-ate A
Y
s(s —1|- @) é(l —e ) J

1 1
S — (1 —e ¥ — ate™™
s(s + a@ az( )
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Laplace Transform Table

1 — 1 —at
@S+a) e ) ;(at—l-l—e )
1 1 2 2\ .,
s(s + ) ?[t_;-l_(t-l_E)e ]

'd
ﬁl //" ﬁ (1 _ at)e—at
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Laplace Transform Table

i ) )
Laplace Transform F(s) (' Time Function f(z) )

2+ o ( -

__—~ COS w,t

— 1 —cos w,t
— _

wi(s + a) I e N Vo + w;sin(w,t + 0)
s° + o where § = tan”'(w,/a)
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t’“; YN
Laplace Transform/Ta.b'l/ ggg’s‘ew

()

e *sinw, V1 — *t

> 1
. 1 — e “lsin(w. V1 — 2t + 6
s(s* + 2{w,s + o)) V1-22 (@, ¢ )

where § = cos™'¢ (£ < 1)

2 2
Sw —w
n n —Lw,l o3 — 2 —
e sin(w, V1 r— 0
s* + 2w, + o, V1 - 22 ( 4 )

where 0 = cos™'¢ (£ < 1)
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