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Objectives

 Review of Complex Numbers

 Review of Ordinary Differential Equations

 Review of Laplace Transforms
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Complex Numbers
 Rectangular Form

 Euler Formula

 Polar Form

 Complex Conjugate
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Properties of Complex Numbers

 Addition
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Properties of Complex Numbers

 Subtraction
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Properties of Complex Numbers

 Multiplication
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Properties of Complex Numbers
 Division
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Examples
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Complex Variables

 Complex 𝒔-plane

 Real Axis 

 (Horizontal Axis)

 Imaginary Axis

 (Vertical Axis)
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Functions of a Complex Variable
𝑮(𝒔) is a function of complex variable 𝒔 if 

for every value of 𝒔 there is one or more 

corresponding values of 𝑮(𝒔)
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Single-Valued Function
 If for every value of 𝒔 there is only one corresponding value of 𝑮(𝒔) in the 𝑮(𝒔)-plane then 𝑮(𝒔) is a 

single-valued function 

 and the mapping from points in the 𝒔-plane onto points in the 𝑮(𝒔)-plane is single-valued mapping

 If mapping from the 𝑮(𝒔)-plane to the 𝒔-plane is also single-valued then the mapping is called one-to-
one

 For many functions, mapping 

from function plane to complex

variable plane is not single-valued

e.g.
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Analytic Function

A function 𝑮(𝒔) of the complex variable 𝒔 is called analytic function in a region of the 𝒔-plane if the 
function and all its derivatives exist in the region

      

      is analytic at every point in the 𝒔-plane except 𝒔 = 𝟎 and 𝒔 = −𝟏

       is analytic at every point in the finite 𝒔-plane
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Poles
 The singularities of a function are the points in the 𝒔-plane at which the function and its 

derivatives do not exist.

 Most common type of singularity is pole

 If a function 𝑮(𝒔) is analytic and single-valued in the neighborhood of point 𝒑 (has a finite non-
zero value) and at point 𝒑 function is infinite or undefined then 𝑮(𝒔) is said to have a pole at 
point 𝒑

 In other words, roots of denominator polynomial of 𝑮(𝒔) are the poles

 The power of complex variable 𝒔 in the polynomial defines the order of the pole

 e.g. following function has simple poles at 𝒔 = 𝟎 and 𝒔 = −𝟏 and 

 a pole of order 2 at 𝒔 = −𝟑
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Zeros
 If a function 𝑮(𝒔) is analytic and has zero value at a point 𝒛 then 𝑮(𝒔) is said to have a zero at 

point 𝒛

 Or if 𝟏/𝑮(𝒔) has a pole of order 𝒓 at 𝒔 = 𝒛 then 𝑮(𝒔) will have a 𝒓𝒕𝒉 order zero at 𝒔 = 𝒛

 In other words, roots of numerator polynomial of 𝑮(𝒔) are the zeros

 The power of complex variable 𝒔 in the polynomial defines the order of the zero

 e.g. following function has simple zero at 𝒔 = −𝟐

 For rational function of 𝒔, there will be equal number of poles and zeros including poles and zeros 
at infinity 

 Following function has four poles and four zeros including one finite zero and three zeros at 
infinity
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Poles and Zeros

 The poles and zeros are properties of the 
transfer function, and therefore of the 
differential equation describing the input-
output system dynamics 

 Together with the gain constant 𝑲  they 
completely characterize the differential 
equation, and provide a complete description 
of the system
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Differential Equation

 Linear Ordinary Differential Equation

 First Order Linear Ordinary Differential Equation

 Second Order Linear Ordinary Differential Equation

 Non-Linear Ordinary Differential Equation
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Laplace Transform

 Laplace transform is mathematical tool to solve linear ordinary differential equations

 Laplace transform converts the differential equation into an algebraic equation in       
𝒔-domain

 It is then possible to manipulate the algebraic equation by simple algebraic rules to 
obtain the solution in the 𝒔-domain

 The final solution is obtained by taking the inverse Laplace transform
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Theorems of Laplace Transform
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Theorems of Laplace Transform
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Theorems of Laplace Transform
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Theorems of Laplace Transform
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Theorems of Laplace Transform
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Theorems of Laplace Transform
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Laplace Transform Table
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Laplace Transform Table
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Laplace Transform Table

26

SAAD ARIF (bit.ly/saadarif)

http://www.bit.ly/saadarif
Mobile User



Laplace Transform Table
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Laplace Transform Table
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