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AC Circuits and AC Analysis \_

» Solving AC circuits in time domain involves solving differential equations.

» Example, for the given circuit below, what is Vo(t) \
60 Q
. @3
§ Q;? & @' 3 k'V“‘e aO'WQM

20 cos(4t— 15°) C) 10mF — y

N2 t,(Q’ L i

d’v,\ 5dv,
dt’ 3dt!r/ n¢e-1s) )

> Wntmg KCL at.\Vo node results |

\\, - "D Vo
? » However, forming and solving the in time domain are somet1mes very tedious.
L _,Z Therefore, AC circuits analysis is done in Phasor (frequency) domaia.
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1-(b) Phasor
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1-(b) Phasors

» A phasor is a complex number that represents the amplitude and phase of a sinusoid (Polar Form).

» Phasor is the mathematical equivalent of a sinusoid with time variable dropped.

> Phasor representation is based on Euler’s identity.

.E_O/S- ¢+ jsing Euler's Identity

c~o§¢ = Rei c } Real part

sing = Im e”‘} Imaginary part

rﬂ
» Given a sinusoid v(¢)=V cos(wt+o).

v(t) =V, cos(wt+@)=Re(V e/ “*P)=Re(V, e’e’”")=Re(Ve'™)
V=V e =V /¢$=PHASOR REP.
vty =V, éogwt +¢) = V w —dlod) O
| (w pr.) (Phasor Domain Re presentation)

v(t) =Re{Ve’”}  (Converting Phasor back to time)
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Complex Numbers and Mathematical Foundation of Phasor

50



Complex Numbers

» A complex number may be written in RECTANGULAR FORM as: Imaginary axis

(@CTAN GULAR FO A

z
z=xtjy j=vV-1, x=Re(z), y=Im(z
_,JYJ\/_,. (2), y=Im(») - :
» A second way of representing the complex number is by specifying . :
the MAGNITUDE and r and the ANGLE 6 in POLAR form. 2 y Ly
POLAR FORM il :
o o—N '
) ¢ :
Z:X+JF‘Z‘Z¢:”4¢2 0 ———> Real axis
» The third way of representing the complex number is the 4L
EXPONENTIAL form.
EXPONENTIAL FORM_ o
z= X‘l‘]y:‘Z‘ Zp=re’”
. o _ * x 1s the REAL part.
re'’=rcos@+jrsing Euler's Identity
. * y is the IMAGINARY part.
ﬂ rcosg = Re {re”’} Real part
2 =Y 6 * r 1s the MAGNITUDE.
= o ’ _
rsing = Irn{reJ } Imaginary part + ¢ is the ANGLE. .
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Complex Number Conversions

— N\ \V\v
> We need to convert COMPLEX numbers from one form to the other form.

z=x+jy=rZé=re’’ =r(cosg+ jsing)

Imaginary axis

A

Z

EXPONENTIAL FORM o | |

: r Ly
z=x+ jy=|z| £ p=re” ik E
¢
0 —> Real axis
X
- =
2 L z=x+jy=rZ¢=re *=r(cosg+ jsing)
“.‘

r= A,/xz +y?, g=tan' < Rectangular to Polar

X
x=rcos@, v=rsin¢g Polar to Rectangular
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Mathematical Operations of Complex Numbers
—AAN

» Mathematical operations on complex numbers may require conversions from one form to other form.

Better performed in
Rectangular form

MULTIPLICATION: z,z,= 1, 1, ¢1+¢2 —

¢ Nv
DIVISION: 2r={1l P-9,
Z, ~
__ | Better performed

RECIPROCAL: l = 1 Z-¢ in Polar form

N Z T

SQUARE ROOT: +/z= @ @ Z= 9’4‘)9

— I

S—> ADDITION: z+z,
~—7 SUBTRACTION: z,-

COMPLEX CONJUGATE: 7* = x> jy=1l—¢=re’*
(-\/\_/ e 53
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Complex Numbers

v Example 1:

Evaluate [ (5 +i2)(-1 +j4) - 5.60] and

Solution:

(2)

(b)

10+ 75 +3.£40°
-3+ j4

+10.£30°

(5+i2(-1+j4) = -5+j20-j2-8 = -13+j18

5260° = 2.5+i4.33

(5+32)(-1 +i4) - 5.60° = -15.5+]13.67
[(5+iD(-1+i4)-5-,60] = -15.5—j13.67 = 20.67.£221.41°

3/40° = 2.298 +j1.928
10+35+3.240° = 12.298+(6.928 = 14.115.,29.39°
Brqdi= 52126.87°
10+ j5+3.240° 14.115.229.39°
-3+34  5/12687°
2.823/-97.48° = -0.3675—j2.8
10£30° = 8.66 +i5
10+ j5+3.£40°
-3+34

= 2.823£-97.48°

+10.230° = 8.293 +{2.2
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Complex Numbers

v Example 2:

(4£50°)(2£ —20°)=4.2£(50°+(=20°)) =8.£30°

v Example 3:

10" _4 £(50°—(=20°))=2£70°
2/-20° 2
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- Back to Phasor

— AN

Sinusoids and Phasor
Circuit elements in Phasor domain (frequency domain)
Impedance and admittance
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Phasors

» A phasor is a complex number that represents the amplitude and phase of a sinusoid (Polar Form).
A

» Phasor is the mathematical equivalent of a sinusoid with time variable dropped.

oer
v(®) = Ve + #) <> V =l |
7 .

(Time Domain Re pr.) (Phasor Domain Re presentation)

/)(\/_” C~——

»Given a sinusoid v(1)=V_cos(wt+o).
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Phasor Diagrams

» Amplitude and phase difference are two principal concerns in the study of voltage and
current sinusoids.

» Phasor can be defined using either sine or cosine functions.
— » By convention, source of the circuit is used as reference (zero phase angle).
%4 » If not stated, cosine function is used as reference and any voltage or current expression is in
the form of a sine is changed to a cosine: /——\9
. ‘)
' x Stalvh) > cos(¢ 5:9_;’
a b2
. I Time Domail;?é presentation Phasor Domain Rep.
/ & AR A N (2 5 ) EE———— Y, J/
V' sin(wt + V. Z$—=90°
I cos(wt+0) 1 20
I sin(wt+6) 1 26-90°
\ | \
H—/ I, cos ¢, Re
Vmc:)s ¢,

Phasor diagram 58
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@or Dlagra@

/
N —~ a
@7 v Graphing phasors a,c\rd)\ J )\}[ ()-’Jé‘c

'@ > Positive phase angles are drawn counterclockwise from the axis;
> Negatlv € phase angles are drawn clockwise from the axis. —_ u\as to

4

90

NOTE
< Note:
A leads B

B lzajii Q\
Alead C 7

59
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Phasor Diagrams

,.;:‘/ P OR DI

o » Represents one or more sine waves (of the same frequency) and the relationship between them.
» The arrows A and B rotate together. A leads B or B lags A.

A

90

60
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Example 11
—AN

Transform the following sinusoids to phasors
i = 6cos(50t —40°)A — 4 7Y o~

V= _4S|n(30t 4:“5&0‘0) v sin(wt £ 180°) = —sinwt
— 5 S + ‘
cos(wt = 180°) = —coswt
fﬁ%\ AN (ﬂ/f'> —) d CD&(_ U’IL .f\¢ 0\ @@\ 5 sin(wt £ 90°) = *coswt
A cos(wr = 90°) = Fsinwt
Solution: \J 2 4&> C'}O‘Fx’& 4 bl) g
a. 1=6/-40° A N u ) MO

b. Since —-sin(A) = cos(A+90°);
v(t) = 4cos (30t+50°+90°) = 4cos(30t+140°) V
Transform to phasor =>Q/: 4,/140°V
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Time Domain Vers

— NN\

s Phasor Domain. ™

jam i
The differences between(v(t) and.\V;/

7‘1/

O dls instantaneous or time-domain representation

Is the frequency or ph: or-domain representation.
O v(t) is time dependent( V/is not.

O v(t) is always real with no complex term,(V is)

generally complex.

. Note: Phasor analysis applies only when frequenc when
@SNy T is—apptied to_two or more sinusoid signals oniyif they have

\g the same frequencv

-

a_ o>

> ohe o
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Differentiation and Integration in Phasor Domain

\‘ ———
;( Differentiatin?a sinusoid is equivalent g multiplying }ts corresponding phasor by jw.

v(t) = Vi, cos(wt + 6) = Re[Ve/«t]

sinfwt £ 180°) = —sinwt
dv(t) : .
T —wV,, sin(wt + 0) = wV,, cos( wt + 6 + 90°) cos(wt + 180°) = —coswt
sin(lwt = 90°) = *coswt
which transforms to the phasor o — .
cos(wt = 90°) = Fsinwt
dv(t) (0 + 90° 5 :
= wVyel (0 +90°) _ WV, /b + 90 & 4
N ) ;
o ;'Y :J¢ — -+ - -
dv(t) — w90 Vmefe \\; € cos¢d = jsingd
dt
Integrating Ja sinusoid is equivalent t¢ dividing it§ corresponding phaso( by jo. )
\

63



Mobile User


Differentiation and Integration in Phasor Domain

— AN

e

:
&7'0(853 /

» Relationship between differential, integral operation in phasor listed as follow:

(Time Domain) asor Domain)
v(it)=V cos(wt+¢) <& V=V Lo

W)=V, sin(@i+4) < V= sz

ﬂ & JoV

dt

Ivdt & v
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Example 9.7: using Phasor to solve integro-differential equations

Example 9.7

Use phasor approach, determine the current /(t) in a circuit described by the
integro-differential equation.

di =7
4i+8 | idt - 35 =50cos(2t + 75°)
» Solution: ¢
wi) —— V=VZ$
4]+ﬂ—3'wl=50ﬁ ‘
But w = 2, so x% dt ]G)V
14 — j4 — j6) = 50/75° 7
50/75° 50/75° [vir —
I= - = 4.642/1432° A J

4 —j10  10.77/-68.2°

Converting this to the time domain,

i i(t) = 4.642 cos(2t + 143.2@
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Phasor Relationships for Circuit Elements

— AN

» Ohm’s Law still applies even though the voltage source
" ———

Terminal Equations

N

4

Time Domain Frgquency Domain
picH
+
R<v(t)  v(t)=Ri(t)
h(t) +IA V= jaLl
di(t T =]
=0 "= LL) joLgy 1
fu=) J’:d% jol
Tyict) dv(t) Wi, 1
. V=—=-I
iF it)=C + :
C=="y(t) ® | dt el . JwCA
- y)= - [i(t)dt I = joCV
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Phasor Relationships for Circuit Elements

vé(t —

iR(t):VRTSt)

ol < +0
=
A

For R, | and V are in phase ’

—
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Phasor Relationships for Circuit Elements N ooy I—"%&

2 B- Capacitor: ) £ Yeay V
_ < In the Capacitor (C), Voltage

e i charging current by 90§o_r Charging
. + Current (1) Voltage (E) by 90°
& =l v = C

» 1. C. E. lc
L N v
dv 2
i=C7; ed I J cv 2
dt *:@" ) *_9 \ Z-qo >
(a) (b)

'\ |
[0
\ »Re
|

I
N N \Y V= oC .
n ¢v = ¢l _900
& V
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Phasor Relationships for Circuit Elements

— AN

=\
A
B- Capacitor: * =2 —) #* CAPACITIVE REACTANCE )
)

“»In resistor, the Ohm’s Law is V=IR,

— = where R is the opposition to current.
O_ o_ - - g
+ # < We will define Capacitive Reactance,
s the opposition to current in a
# = G \Y4 === & .
acitor.
. . Yd %
T e T
() (b) X will have units of Oh 1
Im A “*Note inverse proportionality to fand C.

\
V >
agnltude of

Re 69
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Phasor Relationships for Circuit Elements

— AN
= CapaC|tor < CAPACITIVE REACTANCE
—L’ —lb
# =l \Y4 ===
,=C% I=joCV
(a) (b)
Im A
| 1
0] X = = = 6.4Q
1 X €T 24C " 22(500Hz )50,

: %
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Phasor Relationships for Circuit Elements

— AN

B- Capacitor: < PHASE ANGLE FOR X,

— — < Capacitive reactance also has a phase angle associated with it.
o— o—
+ + /\/\’ ~4 2 )
¢ vV 0° d
% ==l A% = € XC:— XC= O:ZL 90°>
I 190
- - 4
o— o—
= C% I=joCV < The phase angle for Capacitive Reactance (X.) will always = -90°

@ ®) »  Xc may be expressed in POLAR or RECTANGULAR form.
a

Im A



Mobile User


Phasor Relationships for Circuit Elements

— N\ S
C-Inductor: ;
Q < In the Inductor (L), Induced Voltage LEADS current by 90° Graph VL(t) and lL(t)
- I or Current (I) LAGS Induced Voltage (E) by 90°.

— —
+ V \ /
C vi(t) |
v L I > <—>E
y 90° |
- i (t) )
_di, e i
A/

(@ (b) N \-ea & \7 wy 70
Im A L \a3 i l

® O_J"_
4 ] >Re
= V !

For C, | Leads V by 90°

Re 72
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Phasor Relationships for Circuit Elements

E— =
C-Inductor: % INDUCTIVE REACTANC]Q

<We will define Inductive Reactance,
X, as the opposition to current in an

v L \ L inductor.
. _ X - V=1X;
J’ S < X will have units of Ohm
(a) (b) ‘\/ = O ~L <»Note direct proportionality to T and L.
Im A
\4

0 Re J=z N wl B
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Phasor Relationships for Circuit Elements

C-Inductor: < INDUCTIVE REACTANCE
[ |
[ . i f=500 Hz, C =500 mH@?
yzL% V = oLl _: \é
R v Ve |
y | ™ X, =27 fL = 27(500)(.5) = 1.57kO)
¢ -
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Phasor Relationships for Circuit Elements

C-Inductor: < PHASE ANGLE FOR X,

i I
© ° “If V Is our reference wave:
v L v L VZ0°

X, = =7//+90°
_ _ 12-90°
y= 4 V = oLl
- < The phase angle for Inductive Reactance (X; ) will always = +90°
(?r)n " () < X; may be expressed in POLAR or RECTANGULAR form.
v \ X, 2900 or
I

e \ Jﬂb] ira“ M//)
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Phasor Relationships for Circuit Elements

v COMPARISON OF X, & X,

% X, is directly proportional to frequency and
inductance.

X, =271l =wl —

< Xc Is inversely proportional to frequency and
capacitance.

v | 1 /

Em
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Phasor Relationships for Circuit Elements

00 = gy
*» Frequency effects @ CD §')\ bf‘* DC_ z

% Using the reactances of an inductor
and a capacitor you can show the
effects of low and high frequencies
on them.

Q&@; DC '

g At low frequencys (f=0)
an inductor acts like a short circuit, X 2
S = =
a capacitor acts like an open circuit. L ﬂ'fL ;{00 ;

cu S
{iéb At high frequency@ '_" Vv
=

an mductor acts like an open circuit. /L_;:, &DS

a capa0|tor acts like a short CII’CUIt X)

S gre—
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Example
— AN

AAAA

W= 2 2kQ 025F
1L
LAY

R(gpresent the below circuit in frequency domain: b sen -
N———— . ~ @
Solution Yoo ; Jvl
. c 3 - . ~
e = a2 5.0 Sz
= ¢ \ ‘
< o=2 rad/s: = & 28n2eH)
Time domain Freq domain Q)
R=20 R=20 v (‘.«,’Q
VVVY A
= — — v
C=025F % = -j(1/oC) =42 Q V. =50°

L=1H R=joL=2Q @ @

V. =5 cos 2t V, = 5<0°
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Example 9.8

The voltage v = 12 cos(60r + 45°) is applied to a 0.1-H inductor. Find
the steady-state current through the inductor.

- ——,

Solution:
For the inductor, V = jwLI, where w = 60rad/s and V = 12/45° V.
Hence,
V 12 /45° 12 /45°
I =2/—45° A

T joL  j60 X 0.1 6/90°
Converting this to the time domain,

i(t) = 2 cos(60r — 45°) A
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Using phasor to add sinusoids- Example 9.6

3
=
Given i(f) = 4 cos(wt + 30°) A and i»(7) = 5 sin(wt — 20°) Al find their sum.

I e W (\N\M
Solution:

Here is an important use of phasors—for summing sinusoids of the
same frequency. Current i,(¢) is in the standard form. Its phasor is

1= 4/30°

We need to express i»(f) in cosine form. The rule for converting sine
to cosine is to subtract 90°. Hence,

i»(1) = 5 sin(wt — 20°) = 5 cos(wt — 20° — 90°) = 5 cos(wt — 110°)

| sin(wt £ 180°) = —sinwt
(2@;\)‘ 7| cos(wt = 180°) = —coswt

L =5/-110° \g sin(wt = 90°) = *coswt

cos(wt = 90°) = Fsinwt

*
and its phasor is +

If we leti = i; + i,, then

I=1, +1L =4/30°+5/—-110°
= 3.464 + j2 — 1.71 — j4.698 = 1.754 — j2.698
= 3.218/—56.97° A
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Admittance
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; A-Impedance % o2 N

[ ]
— "\ =
-

U The impedance Z of a circuit is the ratio of the phasor voltage V to thephasor current I, measured in ohms Q.

M N - o —~
CZ} V g @ Impedances of passive elements
I Al Element Impedance

» Impedance is a complex quantity: R s
o R =Real part of Z
. L Z=joL
o X = Imaginary part of Z £ Reactang =

d Impedance in polar form:

‘ C ) Z:LA‘
joC

|Z|=¢\/R2+X2 0 =tan — \ )
=R+ jX =|Z|£6

4 R
1 R:|Z|cost9 X:|Z|sin¢9 W

> The Reactance may be positive or negative: é/o
FIX > XL L

o Itis Inductive if X is positive.

- ! 1
o Itis Capacitive if X is negative. _—-) }‘ — % e —2 C— -
T TNM— T -

VA
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?1 A-lmpedance

JR——

IMPEDANCES SUMMARY P L:yfw =y )
Impedance | Phasor form: Rectangular _ ' !
form 2 C= »lﬁ ~J %.E
Z R+j0 e
0 +
R R0 J s
: C——

Z 90° 04X, wWC,
—_— — "

Zc _o0e|  0dXc Ky=wl
— —— o
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7[B- ADMITTANCE |

¥ The reciprocal of impedance.
“”3 ~ ¥ Symbol is .
o v’ Measured in Siemens (S). ®

@ @: é &7'0185

» Admittance is a complex quantity:
(W el

Y=G+jB

o CG\Z Real part of Y : Cond
o B = Imaginary part of Y (Susceptance
/VWW'

Z. AND Y OF PASSIVE ELEMENTS

>‘/

ELEMENT IMPEDANCE |ADMITTANCE
‘ 2 "‘\(T'\l/" ,
R | z=R |Y-—¢
A— R
= Z=jol | Y= L ‘!
' s JoL
C .
Z=—j L Y =joC
aoC A
\ /
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C-TOTAL IMPEDANCE FOR AC CIRCUITS =) ﬁrrs{“ w e’
N B

®
(7

» To compute total circuit impedance in AC circuits, use the same techniques as in DC.
» The only difference is that instead of using resistors, you now have to use complex impedance, Z.

 _For series connected impedances: % Total impedance for parallel circuit: \
I Zl Z2 ZN ' ' .
— I I, Iy
— - ’ L o D) l §+,,,
. \/ | W @ v l z, l z, I L a =
v® 9!
—
7 Zeq » The impedance can be easily
“ computed from the admittance:
1 I 1 1
4 z z z Tz~ 1
Z, = 7= Z +Z,+---+Z, (Equivalent Impedance) x 1 <2 x Z, .= ” — [Ytotal]_l
(\A_——\‘

-1 -1
1 1 1 1 total
Z = B — = —+—+...+_
total (Zz) (zl Z, ZJ (Y1+Yz+...+Yx)
—_~ —
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‘2 C-TOTAL IMPEDANCE FOR AC CIRCUITS

o

4\/i/

1-Example of series circuit: v" Solution

» a- The total Impedance
Z,=272,+7Z,+7Z.
o =20+ j20+(—/j40)
c- Find 1, Vg, V¢, Vi _ (20—j20)Q
=28.2824—-45°Q)

a- Find Total Impedance

b- Draw Impedance Triangle (Phasor Diagram).

d- Find vy, v, v; using Voltage Divider

» b- The Impedance Triangle (Phasor Diagram)

R=20Q
J R R
Vs =10sin(10°7+60)V . . / R
@ L=0.2mH XC I Z 9 XC
I Ly !
I\ -j
C = 0.25pF
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_[9: |O ﬁq@“’ = 0/§5L{Z[j§
2 o0 =19 A

_ (R = o3 Qs s20 = FB /S
'\/\L (3 = o 25 +Les 7=, o@@
Ve = _E?a_ = o/3§4 L}@S%-ﬂ 4= Y Pb /15
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— A\

?, C-TOTAL IMPEDANCE FOR AC CIRCUITS - \go < ) 2 19e

1-Example of series circuit:

a- Find Total Impedance

b-Draw Impedance Triangle (Phasor Diagram)

c- Find 1, Vg, Vi, Vi
d- Find vy, v, v; using Voltage Divider

R=20Q

—AM—

Q) 3L=O.2mH

[
I\

C = 0.25pF

Vs =10sin(10°7 + 60V

v" Solution
> ¢ 1, Vg, Ve, VL. /
as
S _ v __ 10 Z60°

=

Z, 2828/—45°
= 353 £105° mA

v, =i -Z, =(3532105° mA)-(20 Q) =7 £105°V

= d
v, =i, Z, =(353.£105° m4)-(20490° Q) =7
(353.£105° mA)-— 90° Q)7 £15°V
\w87

Ve =12,
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?- C-TOTAL IMPEDANCE FOR AC CIRCUITS

o

4\/i/

1-Example of series circuit: v’ Solution

a- Find Total Impedance » d- Find vg, v, v, using Voltage Divider

. »  Voltage divider still works, too.
b-Draw Impedance Triangle (Phasor Diagram)

c- Find iS’ VR, Vc, VL 200400
v, =ﬁvs = ( _ ) 0.y 260° =7 £105°
d- Find vy, v, v; using Voltage Divider Z; ( 2828 £-45° )
20Q.290°
R=20Q v, = ﬁvs = ( ) A0y 2600 =7 £195°
v Z, " (2828 £-45°)
Vs =10sin(10°7 +60)V v = &v _ (20Q4_900) 10.y s60° =T £15°
Q) 3 L=0.2mH <z ( 28.28 4—45")
[
I\
C = 0.25uF
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? C-TOTAL IMPEDANCE FOR AC CIRCUITS

4\/i/

2-Example of Parallel circuit:

a- Find the total Impedance

b-Draw Impedance Triangle (Phasor Diagram)

c- Find 1, Vg, Vi, Vi

d- Find vy, v, v; using Voltage Divider

'c l R=100Q
=

g X,=1000
50V<0° | X,=150Q

/1

v' Solution  » a- The total Impedance

» The circuit given is already in frequency domain:

Z,=100Q20° =1000Q
Z. =150Q£-90°=—j150 Q)
Z, =100Q290° = j100Q

>

» Circuit simplification

50£0°V §

@ L {100+ j100Q
—/150Q2
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? C-TOTAL IMPEDANCE FOR AC CIRCUITS

2-Example of Parallel circuit:

a- Find the total Impedance

b-Draw Impedance Triangle (Phasor Diagram)

c- Find 1, Vg, Vi, Vi

d- Find vy, v, v; using Current Divider

'c l R=100Q
=

g X,=1000
50V<0° | X,=150Q

/1

v' Solution  » a- The total Impedance

» The circuit given is already in frequency domain:

Ztota[ = (ZC )“(ZR + ZL )

soev = = (150£-90°)[[(100)+ (100.£90°)]
& T (too+ /10922 — (1502 -90°)(100-+ j100)
-J
3 =(150£-90°)(141.42.£45°)

Ztotal = [Ytotal ]71

1 1 -
= +
[1504—90o 141_424450}

1 .. 1 " .. . -
mel = ( m(COS(90°)+j sm(90°))—m(cos(—4a°)+j sm(—-io"))) 1

:( 0.005 +70.0016 )_1

- ; 7). —1( 0.0016 | |~ 1
= (( 00057 +0.00167 ) < tan l( R ))
:(0.00524 < 17.744° )—1 ~ 190<-18°

L 22 180 j60Q 90



?( C-TOTAL IMPEDANCE FOR AC CIRCUITS

—/\/v

2-Example of Parallel circuit:

a- Find the total Impedance

b-Draw Impedance Triangle (Phasor Diagram)

c- Find 1, Vg, Vi, Vi

d- Find vy, v, v; using Current Divider

'c l R=100Q
=

Vs g X,=1000
50V<0° | X,=150Q

/1

v Solution » b- The Impedance Triangle (Phasor Diagram)

S L 22 180—j60Q

*]

a ++
SUGAR ADD
e i 180-i60
TO COFFEE E
-0
g
J R R ‘
0 /
Z, O |Xc
Zy
-J
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?-, C-TOTAL IMPEDANCE FOR AC CIRCUITS

— A\

2-Example of Parallel circuit:

a- Find the total Impedance

b-Draw Impedance Triangle (Phasor Diagram)

c- Find 1, Vg, Vi, Vi

d- Find vy, v, v; using Current Divider

'c l R=100Q
=

3 X,=1000
50V<0° | X,=150Q

/1

v" Solution > ¢ 1y Vg, Ve, V.
Ly 22 1%0-1609
= 0563180 md
Z, 190/-18°

Vg =V, z(vR +VL)=5OLO° V

=i, =

v 50£0°

= =333/490° mA

Z. 150/-90°
ve  5020°
Z,+Z, 100+(100£-90°)

=353/-45°mA
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?-, C-TOTAL IMPEDANCE FOR AC CIRCUITS

— A\

2-Example of Parallel circuit:

a- Find the total Impedance

b-Draw Impedance Triangle (Phasor Diagram)

c- Find 1, Vg, Vi, Vi

d- Find vy, v, v; using Current Divider

Ig IBL;

—
|Cl
=

ANV
R=100Q

A

3 X, =100Q

o0V<0°

X,=1500

v" Solution » d- Find vy, v, v; using Current Divider

Z, . (190£-18°)

[ =—i, = \263£18° mA
© z.° (150£-90°) ( )
=333./90° mA
iy = Z, iy = (1902 -18°) -(263.£18° mA)
Z,+Z, > (100)100£90°)
=353/ —-45° mA
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?{ D-Impedance as a Function of Frequency

—/\/

» The Impedance Z of a circuit is a function of the frequency.

>

Element Impedance
L Z = joL
C z=—L
joC

Inductor is SHORT CIRCUIT at DC and OPEN CIRCUIT at high frequencies.
Capacitor is OPEN CIRCUIT at DC and SHORT CIRCUIT at high frequencies.

Z, = joL
Z, -0
Z, > ©
z- L.
joC
L, —>©
Z.—0

@ — 0 (Short at DC)
@ — o (Open as @ — )

@ — 0 (Open at DC)
@w— o (Open as @ — ©)

L
—n—

—o0—o0—
Short circuit at dc

—_ B

_O O_
Open circuit at
high frequencies

(a)

Open circuit at dc

—o0—0—
Short circuit at

high frequencies

(b)
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AC Analysis Techniques

« Both KVL and KCL are hold in Phasor domain or more commonly
called frequency domain.

 Moreover, the variables to be handled are phasors, which are complex
numbers.

« All the mathematical operations involved are now in complex domain.

- All DC circuit analysis principles apply to AC circuits.

Voltage Division
Current Division

Circuit Reduction
Impedance equivalence
Y-Delta Transformation

96



Example 22: Voltage Divider Rule

md VAVAY,

» Calculate the v0 in the given circuit 0.5 H

» Solution:
In the frequency domain, +
the voltage sourceis V, = 10.75° 10 cos (107 + 75°) e — Y
the 0.5-H inductoris joL = j(10)(0.5) = ;5 -

1 o 1 i

the %-F capacitor 1s joC ~ JA0N120) -12

Let Z; = impedance of the 0.5-H inductor in parallel with the 10-Q resistor
and Z, = impedance of the (1/20)-F capacitor

10)(j5
Zl=10||j5=m=2+j4 and Z, = -2
10+ §5
Vo = Zz/(Zl +Z2) Vs
¥, o (104750)—"j(10£750)— 10£4(75" 207 _ 7.071.2-60°
s T o 1+) 2z '

vo(t) = 7.071 cos(10t— 60°) V

98



Example 23: Current Divider Rule

Find I; and I, in phasor domain, then convert them into time domain

i,(1)=0.05co0s 2000

» 0
500 ©
is(1) *) 16 =—— v(1r)
05H
. o

Solution:

1yl spasr"

0.05/0° A CD —j500 Q=

+0

|
<

1000

o]

99



Example 23: Current Divider Rule

Solution (Cont.):

1, 1] i &
Y sp00SY"
0.05./0° A —7500 2 =— \Y
71000 N
L Q
. (R+ joL) - &
[1 = [ o j(l)C 2
R+ jolL +—— , 1
. 500+ 71000 . _ i
L= ( —J .) 0.05£0°| f, = 100 05,400
500+ /1000 - ;500 500+ 71000 — 500
I, = 0.079218.4° A I, = 0.035352 — 135° A

i1(t) = 79 cos(2000t + 18.4°) mA i,(t) = 35.35cos(2000t — 135°) mA
100



Delta-Wye (A — Y) Transformation

%
Y-A Conversion: A-Y Conversion:
g _ Lo+ 1yZy + LT, . %7,
. Z 7,+17,+ 7.
1
2,7, + 1oLy + 157, . 7z,
v Z 7, +17,+1Z.
2
2,2, + 1,15 + 1,7, Z, = 2,7,
2. = Z,+7,+ 7,

Zy

101



Example 24- (A — Y) Transformation
—AAN

Find current I in the circuit

Solution:
J42 — j4) 44 +j2) , a0
Lo = = = (1.6 + j0.8) Q 20 T
w T a+2-ja+8 10 OTOY w—]|
4(8 8(2 — j4 I :
Z, = J_I(O) -p2a. z,= 0 10J \_6-pya =02 LIt :
¢ j6Q
The total impedance at the source terminals is 50£0° <f> J3Q == A-Y Conversion:
Z=12+2Z, + Z, — 3| (Z., +j6 + 8 88 .
=12+ 1.6 +j0.8 + (j0.2) || (9.6 + j2.8) “ vz,
i0.2(9.6 + j2.8 2=l
136 + jog + 10200 *28) L 1,41,
9.6 +/3 2, = Ll
= 13.6 + jl = 13.64/4204° Q | bo SRR
AW c
The desired current is s0/0° (D o0
V 50 00 8Q
1= 0L 3.666/—4.204° A

7 13.64/4.204° 102



Frequency Domain Analysis (Using Phasor)

Nodal Analysis

Mesh Analysis
Superposition,

Source transformation
Thevenin theorem, and

Norton theorem
103



Example 25- Nodal Analysis

— AN

Find i, in the following circuit using nodal analysis

Solution

We first convert the circuit to the frequency domain:

20 cos 4t V (f)

0.5H

NI

20 cos 4t = 20/0°, ® = 4 rad/s 1
IH = joL=j4 N
05H =  joL=j2
1 . 10Q v jAQ \A
01F = ——=-25 MW T
JjoC llv
20,0°V (i) — —j2.5Q 21, < 4
Applying KCL at node 1,
20-Vi_ Vi Vi—Vs 1
10 —-2.5 j4

or

(1 + j1.5)V, + j2.5V, = 20

104



— AN

Example 25- Nodal Analysis

Find i, in the following circuit using nodal analysis i
Solution (continue)

At node 2,

V| - Vz N R
j4 '

o0, +

But I, = V,/—;2.5. Substituting this gives

2V,
_|_
2.5

Vl - Vz
j4

1+ 1.5 25|V,
11 15 ||V,

V, = 18.97/18.43°V

B

11V, + 15V, = 0

V, = 13.91/198.3°V
The current I, is given by

V, 18.97 /18.43°
I, = - = 7.59/108.4° A o= 1. s(4t + 4°
s 25 i_900 —— > i, = 7.59 cos(4t + 108.4°) A
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Example 26- Mesh Analysis

— AN

Find I, in the following circuit using mesh analysis M

Solution YINO @ 1L e TL’
Applying KVL to mesh 1, we obtain 100

> 8I1+j10(11-I13)+-2j(I1-12)=0 PR I, (D 20,/90° V
(8 -I-]lO —12)11 - (_j2)12 _j1013 = O
For mesh 2, » 20<90+ 412-j2(12-13) -j2(12-11) =0 8Q § @ = —j2Q

4 — 2 = 2L, — (=21, — (—j2)I5 + 20/90° = 0

Formesh 3, I = 5

8 +8 2 |[1] [ 50
2 4-4|lL —30

A, 41617/-3522°
A 68

12=

=6.12/—3522°A — 1, = -1, = 6.12/144.78° A
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Superposition Theorem

When a circuit has sources operating at different frequencies,
The separate phasor circuit for each frequency must be
solved independently, and
The total response is the sum of time-domain responses of all
the individual phasor circuits.

Example Calculate v, in the circuit of figure shown below using
the superposition theorem. 8Q

v, = 0.2 F g 1 H 0 2 cos 107 A

30sin 51V (£

Answer: V, = 4.631 sin(5t — 81.12) + 1.051 cos(10t — 86.24) V
107



Source Transformation

O d

O b

Example Find lo in the circuit of figure below using the concept of source

transformation.

20 j1Q

4,90° A(H)

Answer: : |, = 3.288+j99.46 A




Thevenin and Norton Theorems in AC circuits

oThevenin's and Norton theorems are applied to ac circuits in the same
way as they are to DC circuits

oThe ONLY additional effort is the need to manipulate complex numbers.

Ly,
Ny — o o ——oa
Linear Linear
+
circuit Vi <—> circuit Iy <*> Zy
0 b L—0 ) —O0 b b

Thevenin equivalent. Norton equivalent

Where; V4, = V,, oc IS the open circuit voltage (PHASOR) between terminals a-b,
I\=1,p.sc is the short circuit current (PHASOR) through the terminals a-b, and
Zy, is the input or equivalent IMPEDANCE at the terminals when the independent
source are turn off. 109



How to Find Thevenin Equivalent Circuit in AC circuits

« First, Open the circuit (remove the load) at the points of interest a-b
1- V4= Open circuit voltage (keep all sources intact). Note: Vth is Phasor

2- Z,= Open circuit equivalent Impedance appears at terminals a-b while all
independent sources=0 (voltage source=SC , current source=0C).

Linear
two-terminal
circuit

Load

Load

W ©

SOl < +089Q

SOl < +09

Original Circuit Thevenin equivalent circuit

110



Example 10.8- Thevenin Equivalent Circuit

Obtain the Thevenin equivalent at terminals a-b of the following circuit.

—ANA
Solution
1- For Zth

, —j6 X 8 _

Z, = —j6|8 = — = 2.88 — j3.84 Q)

8 — j6
Z, -4 j2=22%% 5620
2T AN E T gy T T

120/75° V @)

4

111



Example 10.8- Thevenin Equivalent Circuit
— AN

Obtain the Thevenin equivalent at terminals a-b of the following circuit.

Solution (continue)

2- For Vth

120 /75° 120 /75°
= A o ar
P 120,75°v ()

I, = A, I
1 8 — 6 2

Applying KVL around loop bcdeab

Vo — 4L, + (—j6)1; = 0 ‘
d
hl hz
480/75°  720/75° + 90° . §4Q
Vi, = 41, + joI, = + —-j6 Q —
™R AN T 8 — j6 v
120/75° V (i) e 20 o— ¢
= 37.95/3.43° + 72/201.87° a b
8Q j12Q
= —28.936 — j24.55 = 37.95/220.31° V % %




Example 10.9- Thevenin Equivalent Circuit

—ANA
Obtain the Thevenin equivalent at terminals a-b of the following circuit.
. 4Q  j3Q
Solution AT o a
I()
1- For Vth l
15/0° A 20 0.51
To find V-, we apply KCL at node 1 4 D f ’
_ _ —j4 Q
I5=1,+05I, = I,=10A T -
Applying KVL to the loop on the right-hand side
—1,(2 — j4) + 0.51,(4 + j3) + Vp, = 0 ‘
or - 2 O a
Vi, = 102 — j4) — 5(4 + j3) = —j55 ’
Thus, the Thevenin voltage is y> 05, Vg

VTh = 55/-90°V




Example 10.9- Thevenin Equivalent Circuit

— VNV
Obtain the Thevenin equivalent at terminals a-b of the following circuit.
. . 4Q Jj3Q
Solution (continue) AT o a
I()
2- For Zth l
15/0° A D 20 ¥ > 051,
To obtain Zpy,, we remove the independent source. Due to the T —j4 Q
presence of the dependent current source, we connect a 3-A current o b
source (3 is an arbitrary value chosen for convenience here, a number
divisible by the sum of currents leaving the node) to terminals a-b ‘
3=1,+ 0.5I, = I,=2A
Applying KVL to th loop in Fig. 10.26(b) gi 4:+j3Q \/ a 1
pplying to the outer loop in Fig. 10. gives s s
. . . I l +
V,=1,4+j3+2—j4) =26 —)) °
The Thevenin impedance is U 2-j4Q v o051, V, Q I,=3/0°A
V, 26—
Zy = 7 = (3J)=4—j0.66679. -
d - b 114




Trigonometric Identities

» Sie and cosine form conversions.

sin(A4+ B)=sin Acos Bt cos Asin B
cos(At B)=cos Acos BFsin Asin B

sin(wr +180°) = —sin wr
cos(wr £180°) = —cos wrt
sin(wt + 90°) = £ cos wt

cos(wt £90°) = Fsin wrt

Acoswt+ Bsin wt = C cos(wt —6O)
Where

C=+A’+ B> and 9=tan'1§

Graphically relating sie
and cosie functions.

T » +Cos wf

e

\ ]
+ sin wt

cos(wr—90°) = s wr

~-

\ 180°

|
+ » +COs w!
|
/

S

Y
+ sin !

sin(@r +180°) = —sin or

115



- End of Lecture

—AAN

Questions?
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