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AC Circuits and AC Analysis 

 Solving AC circuits in time domain involves solving differential equations.

 Example, for the given circuit below, what is Vo(t)?

10mF

 Writing KCL at Vo node results in:

 However, forming and solving the DE in time domain are sometimes very tedious. 

 Therefore, AC circuits analysis is done in Phasor (frequency) domain.
47

Mobile User



Mobile User



Mobile User



1-(b) Phasor

48
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(TimeDomain Repr.) (Phasor Domain Representation)
( ) Re{ } (Converting Phasor back to time)

( ) cos( )m m

j t

v t V t V

v t e 

     



V

V

A phasor is a complex number that represents the amplitude and phase of a sinusoid (Polar Form).

 Phasor is the mathematical equivalent of a sinusoid with time variable dropped.

 Phasor representation is based on Euler’s identity.

1-(b) Phasors

 
 
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                    PHA   S       .OR REP
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   



 



    

   

V
V

 Given a sinusoid v(t)=Vmcos(ωt+φ).
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Complex Numbers and Mathematical Foundation of Phasor

50



A complex number may be written in RECTANGULAR FORM as: 

Complex Numbers

 )
RECTANGULAR FORM

z = x+ jy

 

   j= -1,  x=Re z ,  y=Im(z)
A second way of representing the complex number is by specifying 
the MAGNITUDE and r and the ANGLE  θ in POLAR form.

 
z = x+ jy= z
POLAR FORM

     =r  
 The third way of representing the complex number is the 
EXPONENTIAL form.

 
z = x+ 
EXPONENT

jy= z
IAL FORM

    = jre 
• x is the REAL part.

• y is the IMAGINARY part.

• r is the MAGNITUDE.

• φ is the ANGLE.

 
 

j

j

j

re =rcos +jrsin     

rcos

Euler's Identity

Real part

Imaginary pa

Re re

rsi rn m re tI







 








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We need to convert COMPLEX numbers from one form to the other form.

Complex Number Conversions

52

 
z = x+ 
EXPONENT

jy= z
IAL FORM

    = jre 
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Mathematical operations on complex numbers may require conversions from one form to other form.

Mathematical Operations of Complex Numbers

1 2 1 2 1 2

1 2 1 2 1 2

1 2 1 2 1 2

1 1
1 2

2 2

  z + z  =(x + x )+j(y + y )
  z - z  =(x -x )+j(y - y ) 

 z z = r  r +

ADDITION:
SUBTRACTION:

MULTIPLICATION:

DIVISION:

RECIPROCAL:

SQUARE ROOT:

 
z r = -
z r

 
1 1 = -  
z r

 z=

COMPLEX CO

r  2

 NJUGATE: z

 

 















 r  jx jy re      
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Better performed in 
Rectangular form

Better performed 
in Polar form
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Solution:
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Complex Numbers
 Example 1:
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Complex Numbers
 Example 2:

 ) 


 702)20(50
2
4

202
504

 Example 3:
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Back to Phasor

Sinusoids and Phasor
Circuit elements in Phasor domain (frequency domain)
Impedance and admittance
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𝑣(𝑡) = 𝑉𝑚 cos(𝜔𝑡 + 𝜙)
𝜔

𝐕 = 𝑉𝑚∠𝜙

A phasor is a complex number that represents the amplitude and phase of a sinusoid (Polar Form).

 Phasor is the mathematical equivalent of a sinusoid with time variable dropped.

Phasors

Given a sinusoid v(t)=Vmcos(ωt+φ).
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(Time Domain Re pr.) (Phasor Domain Re presentation)
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Phasor Diagrams

     cos( )
    sin(

Time

) 90
    cos

Domain Re presentation Phasor Domain Re

( )
    sin( ) 0

p.

9

m m

m m

m m

m m

V t V
V t V
I t I
I t I

  
  
  
  

 

   
 
   

 Amplitude and phase difference are two principal concerns in the study of voltage and
current sinusoids.

 Phasor can be defined using either sine or cosine functions.
 By convention, source of the circuit is used as reference (zero phase angle).
 If not stated, cosine function is used as reference and any voltage or current expression is in

the form of a sine is changed to a cosine:

58Phasor diagram
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Phasor Diagrams

59

 Graphing phasors
 Positive phase angles are drawn counterclockwise from the axis;
 Negative phase angles are drawn clockwise from the axis.

270

0
180

90

3A    30

5A   -150 4V    -60

A

BC

Note:
A leads B
B leads C
C lags A

etc.
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Phasor Diagrams

60

 Represents one or more sine waves (of the same frequency) and the relationship between them.
 The arrows A and B rotate together. A leads B or B lags A.



A

270

0

180

90

B

 PHASOR DIAGRAM
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Transform the following sinusoids to phasors:
i = 6cos(50t – 40o) A
v = –4sin(30t + 50o) V

Example 11 
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The differences between v(t) and V:
 v(t) is instantaneous or time-domain representation

V is the frequency or phasor-domain representation.
 v(t) is time dependent, V is not.
 v(t) is always real with no complex term, V is

generally complex.

Note: Phasor analysis applies only when frequency is constant; when
it is applied to two or more sinusoid signals only if they have
the same frequency.

Time Domain Versus Phasor Domain
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 Differentiating a sinusoid is equivalent to multiplying its corresponding phasor by jω.

Differentiation and Integration in Phasor Domain
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 Integrating a sinusoid is equivalent to dividing its corresponding phasor by jω.
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(Time Domain) (Phasor Domain)
( ) cos( )
( ) sin( ) 90

V

m m

m m

v t V t V
v t V t V

dv J
dt

vdt
J

  
  





    

      





V
V

V

Differentiation and Integration in Phasor Domain

64

 Relationship between differential, integral operation   in phasor listed as follow:
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Example 9.7
Use phasor approach, determine the current i(t) in a circuit described by the 
integro-differential equation.

Example 9.7: Using Phasor to solve integro-differential equations

  )752cos(50384 t
dt
diidti

 Solution:
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Phasor Relationships for Circuit Elements

66

 Ohm’s Law still applies even though the voltage source is AC
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Phasor Relationships for Circuit Elements

67

A- Resistor:
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Phasor Relationships for Circuit Elements
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B- Capacitor:
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Phasor Relationships for Circuit Elements
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B- Capacitor:  CAPACITIVE REACTANCE
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Phasor Relationships for Circuit Elements
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B- Capacitor:  CAPACITIVE REACTANCE
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Phasor Relationships for Circuit Elements
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B- Capacitor:  PHASE ANGLE FOR XC
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Phasor Relationships for Circuit Elements
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C-Inductor:
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Phasor Relationships for Circuit Elements
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C-Inductor:  INDUCTIVE REACTANCE
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Phasor Relationships for Circuit Elements
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C-Inductor:  INDUCTIVE REACTANCE
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Phasor Relationships for Circuit Elements
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C-Inductor:  PHASE ANGLE FOR XL
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Phasor Relationships for Circuit Elements
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 COMPARISON OF XL & XC
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Phasor Relationships for Circuit Elements
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 Frequency effects
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Example 

Solution:

Mobile User



Mobile User



Example 9.8
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Using phasor to add sinusoids- Example 9.6
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Impedance and 
Admittance

81
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A-Impedance

82

 The impedance Z of a circuit is the ratio of the phasor voltage V to the phasor current I, measured in ohms Ω.

 Impedance is a complex quantity:

o R = Real part of Z = Resistance
o X = Imaginary part of Z = Reactance

 Impedance in polar form:
2 2 1tan

cos sin

XZ R X
R

R Z X Z



 

  

 

o It is Inductive if X is positive. 
o It is Capacitive if X is negative.

 The Reactance  may be positive or negative:
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A-Impedance
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IMPEDANCES SUMMARY
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B- ADMITTANCE

84

 The reciprocal of impedance.
 Symbol is Y. 
Measured in Siemens (S).

V
I

Z
Y 

1

Admittance is a complex quantity:

jBGY 

Z AND Y OF PASSIVE ELEMENTS

o G = Real part of Y : Conductance
o B = Imaginary part of Y : Susceptance
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C-TOTAL IMPEDANCE FOR AC CIRCUITS

 To compute total circuit impedance in AC circuits, use the same techniques as in DC.
 The only difference is that instead of using resistors, you now have to use complex impedance, Z.

 For series connected impedances:

1 2    (Equivalent Impedance)eq N
VZ Z Z Z
I

    

 Total impedance for parallel circuit:

1 2

1 1

1 2

1 1 1 1 1

1 1 1 1

total x x

total
x x

Z Z Z Z Z

Z
Z Z Z Z

 

     

   
       

   





 The impedance can be easily 
computed from the admittance:

 

 )xtotal

total
total

total

YYYY

Y
Y

Z



 

...

1

21

1
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C-TOTAL IMPEDANCE FOR AC CIRCUITS

1-Example of series circuit:

a- Find Total Impedance

 )







4528.28
2020

)40(2020
j

jj
ZZZZ CLRT

 Solution

 a- The total Impedance

b- Draw Impedance Triangle (Phasor Diagram).

 b- The Impedance Triangle (Phasor Diagram)

c- Find is, vR, vC, vL

d- Find vR, vC, vL using Voltage Divider
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C-TOTAL IMPEDANCE FOR AC CIRCUITS

1-Example of series circuit:

a- Find Total Impedance

 Solution

b-Draw Impedance Triangle (Phasor Diagram)

c- Find is, vR, vC, vL

 c- is, vR, vC, vL :

 )  )

 )  )

 )  ) VmAZiv

VmAZiv

VmAZiv

CsC

LsL

Rss







1559040105250

19559020105250

105520105250

d- Find vR, vC, vL using Voltage Divider 353

Mobile User



88

C-TOTAL IMPEDANCE FOR AC CIRCUITS

1-Example of series circuit:

a- Find Total Impedance

 Solution

b-Draw Impedance Triangle (Phasor Diagram)

c- Find is, vR, vC, vL

d- Find vR, vC, vL using Voltage Divider

 d- Find vR, vC, vL using Voltage Divider

 Voltage divider still works, too.

=7

=7

=7
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C-TOTAL IMPEDANCE FOR AC CIRCUITS

2-Example of Parallel circuit:

a- Find the total Impedance

 Solution

b-Draw Impedance Triangle (Phasor Diagram)

c- Find is, vR, vC, vL

d- Find vR, vC, vL using Voltage Divider

 The circuit given is already in frequency domain:

 a- The total Impedance

 Circuit simplification
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C-TOTAL IMPEDANCE FOR AC CIRCUITS

2-Example of Parallel circuit:

a- Find the total Impedance

 Solution

b-Draw Impedance Triangle (Phasor Diagram)

c- Find is, vR, vC, vL

 The circuit given is already in frequency domain:

 a- The total Impedance

d- Find vR, vC, vL using Current Divider
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C-TOTAL IMPEDANCE FOR AC CIRCUITS

2-Example of Parallel circuit:

a- Find the total Impedance

 Solution

b-Draw Impedance Triangle (Phasor Diagram)

c- Find is, vR, vC, vL

 b- The Impedance Triangle (Phasor Diagram)

d- Find vR, vC, vL using Current Divider
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C-TOTAL IMPEDANCE FOR AC CIRCUITS

2-Example of Parallel circuit:

a- Find the total Impedance

 Solution

b-Draw Impedance Triangle (Phasor Diagram)

c- Find is, vR, vC, vL

 c- is, vR, vC, vL :

 ) mA
ZZ

vi

mA
Z
vi

LR

S
RL

C

S
C
















45353
90100100

050

90333
90150

050

mA
Z
vi

T

s
s 




 18263
18190

050

 ) Vvvvv LRCS  050
d- Find vR, vC, vL using Current Divider
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C-TOTAL IMPEDANCE FOR AC CIRCUITS

2-Example of Parallel circuit:

a- Find the total Impedance

 Solution

b-Draw Impedance Triangle (Phasor Diagram)

c- Find is, vR, vC, vL

d- Find vR, vC, vL using Current Divider

 d- Find vR, vC, vL using Current Divider

 )
 )  )

mA

mAi
Z
Zi S

C

T
c









90333

18263
90150
18190

 )
 ) )  )

mA

mAi
ZZ

Zi S
LR

T
RL












45353

18263
90100100

18190



D-Impedance as a Function of Frequency

 The Impedance Z of a circuit is a function of the frequency.

 Inductor is SHORT CIRCUIT at DC  and OPEN CIRCUIT at high frequencies. 
Capacitor is OPEN CIRCUIT at DC and SHORT CIRCUIT at high frequencies.

0     0   (Short at DC)
      (Open as )

1=
j

     0   (Open at DC)
0        (Open as )

C

C

L

L

L

C

Z j L
Z

Z
C

Z
Z

Z







 




 
 

  



 



 

  

1=
j

L Z j L

C Z
C






Element Impedance
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AC Analysis 
Techniques
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AC Analysis Techniques
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• Both KVL and KCL are hold in Phasor domain or more commonly 
called frequency domain. 

• Moreover, the variables to be handled are phasors, which are complex 
numbers.

• All the mathematical operations involved are now in complex domain.

• All DC circuit analysis principles apply to AC circuits.
• Voltage Division
• Current Division
• Circuit Reduction 
• Impedance equivalence
• Y-Delta Transformation



Example 22: Voltage Divider Rule
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 Solution:

 Calculate the v0 in the given circuit



Example 23: Current Divider Rule

99

Find 𝐼1 and 𝐼2 in phasor domain, then convert them into time domain

Solution:



Example 23: Current Divider Rule
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Solution (Cont.):

𝑖1 𝑡 = 79 cos 2000𝑡 + 18.4𝑜 𝑚𝐴 𝑖2 𝑡 = 35.35 cos 2000𝑡 − 135𝑜 𝑚𝐴

𝐼1 = 0.079∠18.4𝑜 A 𝐼2 = 0.03535∠ − 135𝑜 A



Delta-Wye (∆ − 𝑌) Transformation
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Example 24- (∆ − 𝑌) Transformation
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Solution:



Frequency Domain Analysis (Using Phasor)

Nodal Analysis
Mesh Analysis
Superposition, 
Source transformation
Thevenin theorem, and 
Norton theorem
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Example 25- Nodal Analysis
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Find 𝑖𝑥 in the following circuit using nodal analysis

Solution



Example 25- Nodal Analysis
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Solution (continue)
Find 𝑖𝑥 in the following circuit using nodal analysis



Example 26- Mesh Analysis
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Solution
Find 𝐼𝑜 in the following circuit using mesh analysis

 8I1+j10(I1-I3)+-2j(I1-I2)=0

 20<90+ 4I2-j2(I2-I3) -j2(I2-I1) =0
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Superposition Theorem
When a circuit has sources operating at different frequencies,

• The separate phasor circuit for each frequency must be 
solved independently, and 

• The total response is the sum of time-domain responses of all 
the individual phasor circuits.

Example Calculate 𝑣𝑜 in the circuit of figure shown below using 
the superposition theorem.

Answer: Vo = 4.631 sin(5t – 81.12) + 1.051 cos(10t – 86.24) V



Source Transformation

Example Find 𝐼𝑜 in the circuit of figure below using the concept of source 
transformation. 

Answer: : Io = 3.288+j99.46 A



Thevenin and Norton Theorems in AC circuits

Thevenin’s and Norton theorems are applied to ac circuits in the same 
way as they are to DC circuits

The ONLY additional effort is the need to manipulate complex numbers. 
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Where; VTh = Vab-OC is the open circuit voltage (PHASOR) between terminals a-b,  
IN=Iab-SC is the short circuit current (PHASOR) through the terminals a-b, and
ZTh is the input or equivalent IMPEDANCE at the terminals when the independent 
source are turn off.



How to Find Thevenin Equivalent Circuit in AC circuits

 First, Open the circuit (remove the load) at the points of interest a-b
1- Vth= Open circuit voltage (keep all sources intact). Note: Vth is Phasor
2- Zth= Open circuit equivalent Impedance appears at terminals a-b while all

independent sources=0 (voltage source=SC , current source=OC).

Thevenin equivalent circuitOriginal Circuit

≡
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Obtain the Thevenin equivalent at terminals a-b of the following circuit.

Example 10.8- Thevenin Equivalent Circuit
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Solution

1- For Zth



Obtain the Thevenin equivalent at terminals a-b of the following circuit.

Example 10.8- Thevenin Equivalent Circuit

112

Solution (continue)

2- For Vth



Obtain the Thevenin equivalent at terminals a-b of the following circuit.

Example 10.9- Thevenin Equivalent Circuit
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Solution

1- For Vth



Obtain the Thevenin equivalent at terminals a-b of the following circuit.

Example 10.9- Thevenin Equivalent Circuit

114

Solution (continue)

2- For Zth



Trigonometric Identities
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Questions?  

End of Lecture
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