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Limits and Derivatives
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2.1 Y TheTangent and Velocuty Problems

In this section we see how limits arise when we attempt to find the tangent to a curve or
the velocity of an object.

B The Tangent Problem

The word tangent is derived from the Latin word tangens, which means “touching.” We
can think of a tangent to a curve as a line that touches the curve and follows the same
direction as the curve at the poim of contact. How can this idea be made precise?
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Assuming that the slope of the tangent line is indeed 2, we use the point-slope form

of the equation of aline [y — wi = m(x — x1), see Appendix B] to write the equation
of the tangent line through (1, 1) as




Exercise 2.1

1. A tank bholds 1000 liters of water, which drains from the
botom of the ank in half an hour. The values in the table
show the volume V of water remaining in the tank (in liters)
after 1 minuies.
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(a) If Pis the point (15, 250) on the graph of V., find the
slopes of the secant lines PQ when @ is the point on the
graph with ¢ = 5, 10, 20, 5 and 30.
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(b) Estimate the slope of the tangent line at P by averaging
the slopes of two secant lines.
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_33.84+(-27-8) = _33.3
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3. The point P(2, —1) lies on the curve y = 1/(1 — x).a': =
(a) If Q is the point (x, 1/(1 — x)), find the slope of the
secant line PQ (correct to six decimal places) for the
following values of x:
(1) 1.5 (i) 1.9 (i) 1.99 (iv) 1.999
(v) 2.5 (vi) 2.1 (vii) 2.01 (viii) 2.001

ﬁw the Slope %H&aﬂm PQ — m=

%z-’JLI
P(2:-) Q (= )
X\ \ %1’
\ ) /_L.,.l..x
m = _\é""i‘_ = T-x T—x =
W %) x - 2 > -2 \L
7N O» _
) A () 1+1-%
=X \—% B -7
wn -7 i
n_ % Q- = AX_ 72
"fffsz o
- \ — 2—’1’-
x - = 2. % — T —
——x 2-* U%
2-% -_2-%
— =_
A-2-% 421 -—OC?'+6%‘L
' 9 _ % yl Sot2) &5\
m = o
o 2 43U -2 G e
- P A _
LQ,_\) ng ._1_



e e V)

v | s | ra| el 1At Yool (a2l |21 | 2g Qo

2 [1am)]Lolo! \-9§§ » ATI00) 47 0939 wm\

mfm

AR |
Y
erJn = Q.-—q-—
—A*+3X %
2-1.s - 21

=S —e ™ = o
— (1) 305)-2

v =19 —e ™ =014 BRI
(1953 (1) -2

~ (192)%: 3010 -2

(b) USing the results of part (é), guess the value of the slope
of the tangent line to the curve at P(2, —1).
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(¢) Using thevslope from part (b), find a‘n.eque'ltion of the
tangent line to the curve at P(2, —1). n =4
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4. The point P(0.5, 0) lics on the curve y = cos ma.
(a) If Qis the point (x, cos wx). find the slope of the secant
line PQ (correct to six decimal places) for the following

values of
o (i) 04— (i) 0.49__
(iv) 0499 (v) 1 (vi) 0.6
(vi) 0_._5’1
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(b) Using the results of part (2). guess the value of the slope
of the tangent line to the curve at P(0.5, 0).
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(c) Using the slope from part (b), find an equation of the s)

tangent line 10 the curve at P(O).(S. g). M=
Y-Yi= & -x) ‘



