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Limits and Derivatives
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2.1 ) TheTangent and Velocuty Problems

In this section we see how limits arise when we attempt to find the tangent to a curve or
the velocity of an object.

B The Tangent Problem

The word tangent is derived from the Latin word tangens, which means “touching.” We
can think of a tangent to a curve as a line that touches the curve and follows the same
direction as the curve at the point of contact. How can this idea be made precise?
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EXAMP@E 1 Find an equation of the tangent line to the parabola y = x~ at the

point P(1) 1). w\,h'n-ﬁ
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Assuming that the slope of the tangent line is indeed 2, we use the point-slope form
of the equation of aline [y — w1 = m(x — x1), see Appendix B] to write the equation
of the tangent line through (1, 1) as
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Exercise 2.1

1. A tank bolds 1000 liters of water, which drains from the

botom of the ank in half an hour. The values in the table
show the volume V of water remamning in the tank (1n liters)
after + minuies.
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(a) If Pis the point (15, 250) on the graph of V, find the
slopes of the secant lines PQ when @ is the point on the
graph with r = 5, 10, 20, S and 30.
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(b) Estimate the slope of the tangent line at P by averaging
the slopes of two secant lines.
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3. The point P(2, —1) lies on the curve y = 1/(1 — x).a': -
(a) If Q is the point (x, 1/(1 — x)), find the slope of the
secant line PQ (correct to six decimal places) for the
following values of x:
(1) 1.5 (i) 1.9 (i) 1.99 (iv) 1.999
(v) 2.5 (vi) 2.1 (vii) 2.01 (viii) 2.001
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(b) USing the results of part (é), guess the value of the slope
of the tangent line to the curve at P(2, —1).
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(c¢) Using thevslope from part (b), find a~n'eque‘1tion of the
tangent line to the curve at P(2, —1). wn =4
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4. The point P(0.5, 0) lics on the curve y = cos ma.
(a) If Qis the point (x, cos wx). find the slope of the sccant
line PQ (correct to six decimal places) for the following

values of »
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(b) Using the results of part (2). guess the value of the slope
of the tangent line to the curve at P(0.5, 0).
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(c) Using the slope from part (b), find an equation of the s)

tangent line 10 the curve at P(O).(S. g). M=
Y-y = o (- x) ‘



B The Velocity Problem
e 135 81

Let’s consider the velocity problem: Find the instantaneous velocity of an object mov-
ing along a straight path at a specific time if the position of the object at any time is
known. In the next example, we investigate the velocity of a falling ball. Through exper-
iments carried out four centuries ago, Galileo discovered that the distance fallen by any
freely falling body is proportional to the square of the time it has been falling. (This
model for free fall neglects air resistance.) If the distance fallen after  seconds is denoted
by s(1) and measured in meters, then (at the earth’s surface) Galileo’s observation is
expressed by the equation oy TP N bﬁ‘

b loa I
S

EXAMPLE 3 Suppose that a ball is dropped from the upper observation deck of
the CN Tower in Toronto, 450 m above the ground. Find the velocity of the ball after
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he following table shows the results of similar calculations of the average velocity
over successively smaller time periods.

Time interval 4_-‘; Average velocity (m/s)
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It appears that as we shorten the time period, the average velocity is becoming closer 0
49m/s. The instantaneous velocity when 1 = 5 is defined to be the limiring value of
these average velocities over shorter and shorter time periods that start at 1+ = 5. Thus it

appears that the (instantaneous) velocity after 5 seconds is 49 m/s. n
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7. The table shows the position of a motorcyclist after acceler-

ating from rest.
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(a) Find the average velocity for cach time period:
i) [2.4] i) [3.4] (i) [4.5] (iv) [4,6]
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(b) Use the graph of 5 as a function of f to estimate the
instantancous velocity whenr = 3.
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